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Thin  report  rirea  the  results  of  a theoretical  a:;d  -rperieiental 
L-.ee»tlgatiA;  of  the  properties  of  « shielded  helix  when  used  as  a trans- 

eiission  ^hi*.  3us±  a alracture  la  olsperslrs  and  because  of  the  presence 
of  both  IK  ftnt>  TSi  Axies  it  cannot  *aln  to  hare  a true  characteristic 

lAp«d&r.c«' * Ho*f»r«r,  such  an  lapedance  Is  dofineP  in  tertu:  of  a di  stributed 

capecltanee  and  Inductance.  These  parasaters,  the  capacitance  and  the 

Inductance,  are  deterrined  for  the  case  of  infinite  ware  length  for  round 

wire  helices.  The  equations  ar«’  developed  for  a unifora  dielectric  insioe 

the  shield  and  for  two  dielectrics,  one  inside  the  helix  and  the  other 

between  the  helix  and  shield.  Tl.ese  analytic  results  are  shrwn  to  afroc 

very  well  with  the  experijaent'vi  results  obtaLned  by  the  .iuthur  ana  by  other 

Investl gators . 

As  £ cHeck,  an  attoept  is  sade  to  solve  the  vave  equation  for  a 
tape  helix,  the  tape  being  assuned  to  be  anisotropic  to  the  extent  that  It 
can  conduct  only  in  the  helix  direction.  The  results  of  this  work  show 
that  the  phase  velocity  v&rles  as  the  frequency  varies.  In  addition,  this 
work  shows  the  pnase  vslocity  and  characteristic  iapedance  of  a narrow  tape 
helix  very  farorAbly  with  the'e  *a3W  properties  of  a wire  helix,  the 

wire  diaiMter  being  «qu«l  to  the  tape  width. 
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A brief  dwcriptior.  in  gXrm  herein  of  the  rarioue  asoects  of  the 
problec  r«f  th*  shielded  helical  trana3*i3sior.  line,  followed  bj  a diacuesion 
of  the  thecreticKl.  ezperlavital  results  wTtich  bare  been  presented  else-' 
where.  This  is  followed  by  a discussion  of  resalts  of  the  present 
ineestixstion. 

I-i-  The  Helical  Trartamsslon  Line  Problea 

Helical  structurec  have  lon^;  bean  used  in  various  ways  as  elactro- 
sagnetlc  devices.  In  particular,  they  occur  in  the  wlxylingp  of  cor*  type 
trensfomers,  video  delay  Urea,  traveling  wave  tubes  and  as  antenna  structures. 
As  a result  of  the  interest  in  this  structure,  nuaei^us  reports  have  appeared 
describing  ths  sfforts  sad#  to  analyte  and  steasure  the  properties  of  « helix 
used  as  an  electroongnstic  device. 

A helical  structure  can  take  aany  foma.  Soa«  of  these  are:  a 
helix  of  infinite  extent  eod. sting  in  en  unbounded  unifora  ■edlusi  a helix  of 
inf  ini  ts  extent  in  which  the  aediua  inside  ths  helix  radius  is  different  fron 
that  outside;  e shielded  helix  with  either  a unifor«  nedlus  inside  the  enleiri 
or  as  in  the  prericus  situation,  two  eedla  present.  The  greatest  effort  has 
been  confined,  in  ths  pest,  to  ths  first  one  of  these  fores,  naaely,  ths  In'- 
finite  helix  in  &r.  unhouDded  uniform  eedivoi.  The  protlee,  in  this  case,  is 
one  of  finding  those  eolutions  of  the  hoew>geneouB  Maxwell  equations  Which 
satisfy  the  bousvdanr  conditicne  at  the  nsiix  and  at  infinity.  Proa  these 
solctionb,  the  various  aodes  of  operstioo  of  ths  helix  can  Lc  eval'osted. 

In  the  case  of  a shieldsd  helical  Irsnsslsaion  linS;  t-he  problem  le 
one  of  thj»e  <«ol  itlcne  cf  the  hoafifensous  liaxwell  equations  which 

sai-isfy  th»  >>r^tr<LArr  rwscitions  &*■  th*  h«ll»  etvi  at  ths  sM^d.  When  used  as 


« tr-jnirai tr'"*  ^re&tcs’.  l::tfer«jt  is  c^ntrrb^i  upoii  ch«*;-ecf '■risi.ic 

-tri  phAae  ccnstant  of  tho  helical  llric.  SlrictJy  speaicing,  the 
iHpe^ijnce  concept  la  not  a correct  one  Wi®  apj^lied  tT  r.  helical  transmiasicci 
line,  eirice  tne  ^evea  present  i:e  a sijcture  of  bcjth  transverse  M^etic  and 
tranj verse  elercric  wtvee,  i.ny  lacedances  so  developed  apply  only  to  rela- 
tively lc«  frequencies,  and  they  completely  break  dom  at  a freouency  >*iere 
the  rircustf^rence  of  the  helix  is  eo^jal  to  about  on#  to  two  wave  lengths. 

Beyond  this  frequency,  the  helijc  oper<»tes  In  m&ciy  different  modes,  each  with 
its  own  phase  velocity.  It  has  also  been  shorn  that  if  the  wove  length  is 
less  than  twice  the  pitch,  no  free  motien  of  any  sort  can  exist  on  a helix 
Icsersed  in  an  'unbounded  uniform  medium.  This  probably  applies  also  to  the 
shielded  helix  if  the  shield  is  not  too  cloee  to  the  helix 

1-2.  Prerlous  ><ork 

Is  has  been  noted  above,  most  of  the  work  done  on  the  helix  concerned 
a helix  imersed  In  an  unbounded  uni  fora  medlun.  Very  little  has  been  done 
with  regard  to  the  shielded  helix  used  as  a transmission  line.  These  analyses 
tether  on  the  shielded  or  unshielded  helix  can,  in  general,  be  classified 
Into  four  cisssiflcallons . These  are  the  InflnlteslBiaUy  thin  wire  approri- 
matlon,  the  exact  approach,  the  sheath  or  butt  helix  approximation,  ind  the 
various  approximations  to  s round  wire  or  narrow  tape  helix.  These  various 
helices  are  illustrated  in  Figure  1.  In  the  thin  wire  approximation,  it  is 
ateuned  that  the  current  flows  along  a line  helix  aitJ  that  the  electric 
field  in  the  helix  dl.^ection  !•  tero  along  this  line.  ->uch  an  approach 
inevitably  leads  to  a phase  velocity  in  the  helix  direction  tc  the 


11  - 3u^w*r»crlpt  numbers  refer  to  the  Blbiiogrephy  and  references  et  the  end 
of  thie  report. 


k 


Tixocivy  cT  litfit.  Sires  irJ  work  wiLI  show  that  tnc  wire  diawisions  have 
A sir'll f leant  efrect,  upon  the  phase  velocity,  such  a £od«l  is  unsuitable. 
Furthenujre,  the  charactftriatic  impedanoe  of  such  a shielded  line  helix  is 
Infinite . 

q 

The  exact  approach  was  used  by  Nicholson.  He  used  e coordinate 
systea  »d\lch  deacriked  the  surface  of  a hoHcal  wire  and  derived  the  fom  of 
Kaxwell's  e<}uationa  in  that  systea.  His  results  are  of  doubtful  validity 
since  he  assusted  his  coordinate  systee  to  be  orthogonal,  which  it  is  not,  as 
shown  by  Bagbjr^*^.  Purtherxore,  he  assuaed  rather  than  detentiined  the  phase 
velocity.  An  exact  approach  sf  this  sort  in  which  a helical  coordinate 
cystes  is  used  offers  ’*o  advantages  in  the  case  of  a shielded  helix  since, 
in  this  cast;  the  shield  does  not  font  a coordinate  surface.  At  an  added 
coaplication,  Maxwell *t  equations  in  such  a coordinate  syste*  cannot  be  solved 
knowi  aethods  and  an  apprsrisiate  seiuticr.  srust  be  found.  Saisiper^  also  used 
an  exact  epproach  for  a tape  helix  and  fo:m>J  that  the  propagetlon  constant 
waa  detenained  by  an  Infinite  drterainantal  transcendental  equatior>.  He 
abendoTtCd  this  set  hod  in  favor  of  en  approxlsate  approach. 

Tarioua  authors have  studied  the  propegetlon  of  electro- 
aafnetic  eaves  or  shielded  and  unehi elded  helices  by  aseueing  the  helix  to  be 
replaced  by  an  anisotropic  conducting  sheet  which  could  conduct  in  the  helix 
direction  onlj.  Such  a sheet  actually  fonea  a butt  wound  helix.  By  its  ver7 
nature,  such  a aodei  is  not  • satisfactory  ap^roxiaation  to  a wire  or  narrow 
tape  helix  excvpt  in  caste  i^ere  the  he) lx  pitch  ia  sc  saail  that  the  tunic 
butt  together.  The  aain  feature  of  attrartior  idiich  the  butt  tape  aodei 
presents  is  the  fact  that  it  can  be  solved  exactly. 

The  ippraxlaatl.xi  to  sr.  actual  wire  hslix  was  uaod  uy  Bucb-holt^”^ 

In  obtaiciag  tne  inductance  of  • twin  helical  line  inside  a aMeiding  sheath. 
He  used  an  integral  ecoatlon  approach  to  firjd  the  vector  rot.er.tial  caused 


bj  And  <tirect  corrs^ts  floMlng  i«  two  pArallel  h«iJ.C8S«  Ttcm 

thlA,  h«  d*bar«Ln«(l  the  flux  linkAf**  with  An  ActoAl  rwwfi  wire  frm  which 
followed  the  InductAnce. 

Scnfliper^^  ▼•ry  coepletely  av)AlrA«d  t'>‘5  TArlo*iO  aodee  with  idiidi 
A thin  i*’r*  unshielr'ed  helix  cap.  propAgetc  clectraaA4;natie  weree.  Ris  Approjci-* 
•Ation  ^.onAiiteu  of  oAtisfyln^  tbo  bounderj  coDdltiaa  with  regard  to  the 
electric  field  on  the  center  line  of  the  tape  onljj  and  SAtiefTlng  the  boundary 
ccT)ditlone  with  regard  to  the  magnetic  field  over  the  entire  tape  surface.  In 
order  to  satisfy  the  latter  condition,  he  assumed  a uniform  distributloo  of 
current  donslt/  acrcsi  the  tape.  Howewer,  he  did  not  coneider  the  effect  of 
a shield  cr  the  effect  o(  two  different  dielectric  media,  one  inside  the 
helix  end  one  external  to  it. 

Tian^^  carried  forward  a eimilar  aniiljsiA  in  attempting  to  esmluate 
the  effect  of  dielectric  material  outside  the  helix.  His  results  wtre  Intendsd 
for  application  to  traTeling  wax#  tubes,  and  bs  sssucsed  ths  phass  Tslodt/  wms 
that  for  a butted  tape  helix. 

Various  authors  carried  on  experimental  work  on  helices.  Onlj  those 
whose  work  concemsd  shielded  helices  at  low  frequencies  are  discussed  in 
Chapter  111  on  experimental  results. 

This  section  is  not  intended  as  a detailed  review  of  all  the  perti- 
nent litermture.  Howrer,  the  references  m«<tioncd  will  eenra  as  a guide  to 
still  other  work  or.  the  helix  in  generel. 

IzIl  ESSSI&L  2l  lSISZ\^gStik3L 

This  InTeetlgation  treats  the  shielded  helix  as  a distributed 
circuit  trensetlstioQ  lins.  The  inductanea  ard  capacitance  parameters  are  de- 
rived for  a quaai-r&uftd  wire  helix  for  infinite  wax*  length,  khlle  these 
parameters  have  real  meaning  for  direct  current  only,  they  ehould  {rove  useful 
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up  to  r.igh  ?r©ou*nci#*  *s  is  sbcmn  iat^r  by  the  wnrk  on  the  butted 

i*P*  hellz.  Th<ee«  iriducl*nce  and  capacitance  paraaeters  are  used  to  darlva 
*xpr«3*loflB  for  the  c^*aracteriatic  iepedance  ard  phase  velocity  of  a 
shielded  helix. 

Tlie  Mftve  equation  is  solved  for  a thin  tape  and  the  low  frequency 
characteristic  i*pedanr.e  and  phase  velocity  are  derived.  These  are  show 
to  agree  closely  with  those  obtained  from  the  distributed  inductance  and 
capacitance  parameters  for  a round  wire. 

The  remilts  of  the  analytical  work  are  coopared  with  experimental 
results  obtained  bj  this  author  and  others,  and  shCMn  agree  very  close'' y. 
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Chapter  II , 

Ax^alytical  Reeults 

Because  of  coBplc?dtx  InTcired  in  the  develcpoeot  of  the  trane- 

■Ission  line  paraaeters^  these  derivations  have  been  placed  in  two  Appendices. 

These  are  Appendices  B nnd  C.  In  this  section,  a brief  description  vill  be 

siren  of  the  ««t.hods  used  to  develop  the  exprasaions  for  ^he  transslsslcn 

line  paraaeters  along  with  the  final  results.  This  will  be  followed  by 

an  application  of  these  rwrilts  to  the  proble*  of  deteraining  the  characteristic 

lopedance  of  the  helical  transalsslon  line  end  also  its  phase  velocity.  These 

results  are  cospered  in  Chapter  III  with  experiiiiental  results  performed  hj 

this  author  and  other  investigators. 

The  results  of  a wave  equation  solution  are  also  presanted  for 

helical  tapes,  the  solutions  being  derived  for  a butted  tape  helix  and  for 
tape 

a very  narrow|^hslix.  It  is  shovE  also  that  the  phase  velocity  is  a function 
of  frequency. 

finally  there  ie  a brief  discussion  of  the  losses  in  the  wire 

I 

and  aheath* 

! 

Two  of  the  paruaetera  with  which  the  behavior  of  a transmisaion 

1 

line  can  ce  described  are  the  distributed  capacitance  in,  say,  farads 

i 

per  meter  of  line  Imurth  and  the  distributed  inductance  in,  say,  henries  per  i 

meter  of  line  Xe«tcv-.»  Since  the  transmlssian  .dne  of  this  ropert  consist#  | 

of  e helix  formed  of  round  wire  surrounded  by  a perfectly  conducting;  sheath,  | 

t.here  are  two  possible  deflnitians  of  line  length.  The  first  of  these  ] 

might  be  measured  in  the  axial  dlrectior..  The  second  edght  be  aeasured  \ 

4 

in  the  helix  iirecticn.  Since  the  propafation  of  energy  along  suc.h  a line  ' 

i 

i 

> 

V 

1 

\ 
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it  »ctu&j_lor  i.<  ue  cud&l  directics;  the  rora«r  definition  of  ilrid  laa^th 
1*  preferred.  The  cap&rltance  and  inductance  penuseterc  are  dereloped 
per  aeter  in  the  helix  direction  and  then  written  in  terms  of  list  length 
in  the  exlAl  direction. 

II-I.  The  l>i9tribv;ted  Capacitance 

(a)  f>escriptlon  of  the  Helix 

The  transaiasior.  line  with  which  this  report  is  concerned  con- 
aiste  of  « helix  of  ro'ur.i  '-Ire  forced  bj  winding  it  upon  a supporting 
tube  or  rod  of  dielectric  aiterlal.  The  return  conductor  consists  of  a 
conducting  sheath  vhich  is  outside  the  helix  and  coaxial  with  the  axis 
of  the  helix.  The  space  between  the  helix  and  the  sheath  cay  be  free  space 
or  *ay  be  filled  with  seme  dielectric  such  aa  oil,  polystyrene,  etc.  For 
the  purpeaes  of  deieiminlng  the  capacitance  per  urdt  length,  the  transnissiort 
line  is  aasvaMd  to  be  infinitely  long. 

(b)  Fonculetion  of  the  Problem 

Ir  Appendix  B a rather  coaplete  foraulatioo  of  the  problem  of 
the  capacitance  la  presented.  It  '^11  suffice  here  to  present  sooe  of 
the  acre  salient  features  of  the  derivation.  The  aethod  of  approach  used 
is  to  disregard  the  actual  boundai7  at  the  surface  of  the  wire  and  to  re- 
place It  with  a bc'undary  that  closely  approxlaates  the  surface  of  the  wire. 
The  necessity  for  doing  this  lies  in  the  intractability  of  Laplace's  equation 
when  written  in  a coordinate  eystea  whicit  will  describe  the  surface  of 
the  helical  wire,  rurtheneore,  any  such  coordimte  system  woxild  not  contain 
the  >ihesth  one  of  It;  coordinate  surfaces. 
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L«plAc«'t  •qu*tlcc  is  sol»*Q  in  a circular  cylindrical  coordinate 
syste*.  k potflotial  faction  is  thm  derlTod  which  satlsflss  I^place's 
«rjatloo  and  'diich  also  satisfies  certain  boundary  conditions.  These  boundary 
coodlcians  are:  that  the  potential  at  the  sheath  ie  tero  and  that  the 

diacootinuity  In  the  radial  coaponent  of  the  displaceaent  Tector»  at  the  helix 
radius,  be  equal  to  the  surface  charge  density  on  a very  narrow  tape  helix. 
Nnen  the  width  of  this  tape  ie  allowed  to  anproach  eero,  the  tape  helix 
degenerates  into  s line  helix  of  infinitesimal  cross  ssctioo  hsTing  s unifom 
charge  of  Qj  coulcatbe  per  netcr  in  the  helix  direction.  The  potential 
function  so  dcrlTsd  approaches  infinity  as  one  approaches  ihr  line  helix. 

Corsilering  only  a region  in  the  ismediate  vicinity  of  the 
line,  the  squlpotsntial  surfaces  aro  very  close  to  right  circular  cylinders 
fonsed  into  the  shape  of  a helix.  This  is  the  ease  since,  as  the  line 
chsrge  ii  approeehed  very  closely,  the  hsUesl  line  appears  to  approach  an 
infinitely  long  streight  line  of  charge  and  it  is  known  that  the  e<}oi- 
poteatlal  srirfaces  around  such  a line  of  charge  are  right  circular  cylinders. 
0ns  of  thees  squipotsntial  surfaces  is  chosen  as  the  surface  of  the  wire. 
Although  such  a surfscs  does  not  coinclds  with  the  actual  wirs  surface, 
the  Agreeisent  betwtfn  it  and  the  wire  for  very  small  wires  is  suffidsctly 
cloee  for  practical  applicationa.  The  potential  of  this  equipotantlal 
surface  *4)en  dividad  by  the  charge  in  coulasd>s  per  neter  yields  the  reciprocal 
of  the  distributed  capacitsnes. 

(c)  AnalrtAcal  Results 

The  procedure  outline  in  section  ll-l(b)  is  carried  out  In  detail 
in  Anp-endix  B.  The  results  of  this  work  are  given  on  the  next  page  in 

;:evcral  fenas. 
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Mh«i'«  C is  the  capacitance  per  leter  In  the  halljc  direction  and  C^  i*  the 
capacitance  per  neter  In  the  axial  direction.  The  and  functions  are 
modified  Baaael  functions  of  order  ■ and  of  the  first  and  second  kinds, 
respectirelx.  Th«ir  properties  are  discussed  briefly  In  Appendix  A.  The 
other  diaensione  are  de/ined  in  Figures  2 end  3*  Any  corielatent  eyetea  of 
length  unite  aaj  be  used  since  all  lengthe  enter  as  diaansloolaas  ratios. 

The  penaitiritiee  €/  and  ^ are  those  of  regions  1 and  2 dafinad  in  Figura 
3.  MonasUy  €>  is  graatar  than  6g  , but  in  the  cate  where  they  are 
equal,  (2)  reduces  to 
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[ 
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(3) 


If  the  iHlix  pitch  V is  sufflclerrtly  aaall,  „he  stsweition  In  the  pair  of 
brackets  car.  be  replicerf  by  i clcecd  fora,  A conpiete  discjseioa  of  this 


riigi'irir YntiiiaiiWflfii»i>iMiWii(»ww—n»Ti imruimiiinir 


i*  Kir«n  in  App«xiix  B--4.  for  this  ca^t,  (2)  bcccses. 


zne^  i 


fi.gcT9  k thaws  spproaujtatslj  tha  rengs  of  for  which  iu) 

% 

can  ba  usad  and  still  ba  within  a spacifiad  pcrcerita^e  of  (3).  This 
figura  actiisllj  shows  tha  airor  to  ba  axpactad  in  the  characteristic  impadanca 
rasultinc  froa  tha  use  cf  [U)  and  a slsdlar  axprassion  for  inductance.  Since 
tha  capacit&nco,  inductance  and  iapadance  expressions  are  very  similar,  tha 
cunras  in  figure  4 give  a good  iridlcation  of  the  ranges  of  helix  dlaansions 
for  tdiich  (A)  is  applicable. 

If  on  the  other  hand  the  helix  pitch  T*  approaches  infinity,  the 
inner  conductor  beeoaes  a straight  wire  parallel  to  the  axj.s  and  displaced 
fror  It  by  a distance  Vlthin  the  radius  tbs  permittivitj  is  £/  , 
and  between  and  E2  vary  long  pitchaa  tha  capacitance 

bacoMs  approxiaately 


6,  i-€x 
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fcr  tha  case  in  tSiich  £1  * €m 


thia  becoaas, 
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This  ♦xf-r««*ion  vrill  a|>proacn  (3)  as  becocae^  very  small.  Depend- 

ing upoc  the  range  of  applicability,  »ny  cne  of  the  capacitances  presented 
above  »*y  be  used  with  the  induct^mce  per  aeter  to  arrirt  at  a characteristic 
Ispedancc  and  phase  eelocity  for  ths  tr&nsnlssiun  line.  Since  this  report 
is  concerned  aainly  tdth  characteristic  inpedance  and  phase  Telocity,  no 
calculaticns  of  capacitance  as  such  were  made.  In  the  sections  on  inpedance 
and  phase  ealocity,  the  abore  expressions  were  used,  where  applicable  , to 
determine  a family  of  Impedjuice  ind  phase  velocity  curves. 

Th»  Dietflbuted  Inductance. 

(a)  yorg«ilat ion  of  the  Problea 

In  Appendix  C,  a rather  conplete  foraulation  of  the  problem  of  the 
distributed  inductance  it  given.  It  will  suffice  here  to  preeecit  soae  of  the 
■ore  nalient  features  of  the  dsrivatlan  which  appear  in  Appendix  C.  As  In 
the  cAse  of  the  capacitance^  the  actual  wire  is  not  used  to  fons  ths  boundary 
of  the  helix.  Instead,  a different  surface  which  cloeelj  approxiaatss  the 
actual  wlra  is  used  in  place  of  the  wire.  It  is  shown  in  Appendix  C that  ths 
inductanca  of  ths  helix  can  be  arrived  at  by  knowing  ooapletely  tha  vector 
potential  in  the  region  surrounding  the  helix.  This  inductanca  neglacts 
any  internal  flux  in  the  wire.  This  aesuwpticn  I.e  based  upon  the  fact  that 
at  the  frequcDciee  at  which  this  structure  is  ussd,  the  current  in  the  wire 
will  be  confined  to  the  surfar*  of  the  wire.  This  vector  potential  is 
arrived  «t  by  eolring  in  cylindrical  coordinatea  what  wight  be  called  tha 
vector  equivalent  of  Laplace's  equarton,  alonir  with  the  requirmeni  that 
the  divr^f«rce  of  th*  vector  potential  be  sere.  Theoe  two  equations, 
tdtich  bust,  be  eatisfled  in  li.9  ^^.etestatis  rase, 
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ntia  2^1*1  *•  H««M  % -M  >JtlfWaA- 


Wher«  * I*'  the  vector  p<jtential  in  the  current  free  region  aurrounding  the 
helJjt.  This  rector  potent i»l  and  the  aagnetic  field  which  can  be  derived 
fro®  it  ^ust  satisfy  certain  boundary  conditions.  The  aost  important  of 
these  is,  that  the  nacelle  field  outside  the  sheath  be  zero  and  that  the 
dlecontinully  in  the  tangential  cotsponent  of  the  H vector  at  the  helix  radius 
be  nuicerically  equal  to  the  cixrrant  density  in  a very  narrow  tape  helix 
at  tfhen  the  width  of  the  t-epe  is  allowed  to  approach  terc,  the  tape 

degenerates  into  a line  helix  of  inflnlteslaal  cross  section  carrying  a 
current  of  1 adpores.  The  vector  potential  so  derived  approaches  infinity 
as  one  approaches  the  helical  line.  If  one  approaches  the  line  aufficlcntly 
close,  the  distance  between  the  line  r.Ad  chc  observer  becones  8»xll  compared 
with  the  radiua  of  curvature  of  the  lice.  In  thia  cao«  the  helical  line 
My  be  api^roxi»ated  by  an  infinite  straight  line  carrying  current.  The 
surfaces  of  equi-vector-potential  idilch  surround  such  a straight  line  of 
current  are  know  to  be  right  circular  cylinders.  A round  wire  carrying 
current  in  which  the  current  density  in  the  wire  is  a function  of  the  radius 
only,  has  ecul -vector-potential  eurfaces  which  are  riglit  circular  cyllndera. 

In  feet  the  wins  S'urfkce  itself  is  an  equl-vecter-potentlal  surface.  There- 
for#, as  an  approxiawtion,  on#  of  the  equl-vector-pctential  surfaces  which 
*ur.~ounds  the  lino  helix  is  used  as  the  surface  of  the  wire.  This  approxl- 
sjition  apf.roaches  perfectior.  as  the  wire  radius  approaches  eero.  At 
ahoen  in  Appendix  C,  the  Mgnitude  of  tn#  vactor  pct«^iti»l  in  the  helix 
direction  at  the  wire  surface  when  cultlplled  c>’  ( ) /lalda  the  in- 
ductance per  eeter  Lu  tne  helix  dlrectloti.  In  this  report  is  the  percea- 

bility  of  frav  epace  «x|.r«i«d  in  ratlooal.lsed  units. 
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(b)  AiAlTticAl  R— ulta 

ltt«  procedure  cutiirieQ  In  section  ll-2(a)  is  carried  out.  in  deta.il 
in  Appendix  C.  The  results  of  this  wurk  are  given  bdlov  in  several  foms. 


i 

where  L is  the  indi’ctance  5n  henries  per  neter  in  tne  helix  direction.  ■ 

The  other  dinensia-.s  are  defined  in  figure  2.  Anj  consistent  syatea  of 
length  aax  te  *iaed  since  all  Imgtha  enter  as  dijeenaionlesa  ratios.  The 
prlaes  on  the  Bessel  functions  denote  differentiation  with  respect  to  the 
arfuaent  ( b/O  )•  If  is  used  to  denote  the  inductance  per  eeter  In 

the  axial  direction,  (12)  becoaee 


If  the  helix  pitch  is  sufficientl/  saall,  the  sjeesaii<:7n  in  the  brackets 
can  be  rcpla<:ed  tj  a closed  fore.  A conplete  discussion  of  trie  is  given 
in  Apperjdlx  C~b.  for  this  case  (13)  becoees. 


Fxgur*  u •ho«5  the  r4nge  o?  for  which  (lU)  c*n  be  used  with  reesoneble 

ecrurtcy.  Altbotigh  this  figure  is  strtctlf  appllceble  to  the  characteristic 
lapedance;  it  i*  sufficiently  accurate  to  indicate  for  what  range  of 
good  reaulta  can  be  expected  froa  (li»). 

for  a rex*y  cloee  wound  helix  of  saall  wire^  the  secorvi  tern  within 
the  bracket  becomes  negligible  and  tae  above  expreeaion  reduces  to, 


This  checks  preriously  derived  results  for  very  cloee  wound  helices  in 
shielding  csRS.  (See  reference  (19]|i)l 

On  the  other  hsnd^if  the  pitch  of  the  helix  becoaee  very  large  it 
approaches  a straight  ’/ire  perallel  to  the  axis  of  the  sheath  and  displaced 
fros  the  axis  hr  s of  Sji.  Hence  for  s very  lore  pitch  the  induct- 
ance beccrcs  approxijMtcly , 
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7ni«  can  be  expressed  in  closed  fcm  bj  sppljlng  formila  uid  on  page  85  of 
reference  (4).  Upon  doing  tfiis* 


N 


For  very 


as  ooapared  «dth  unltj,  this  becoaea. 


2vr 


J 
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(IB) 


When  this  expi’essioo  is  used  along  with  (8)  to  coapute  the 

characteristic  iapedance  of  this  degsnerate  helix  (f  00  there  results 
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an  expression  wMch  is  in  agr»«ient  with  the  accepted  ispedaace  for  this 
structure.  This  validates  equation  (14)  for  the  case  of  infinitely  long 
pitch. 

The  expreitlone  in  this  aection  for  the  inductance  and  in  the 
prevloue  section  for  the  capacitance  are  based  upon  very  wire  radii. 

However*  if  the  pitch  of  the  helix  becoeae  of  the  ease  order  of  aagnitude 
as  the  wire  dleaeter,  the  wire  radiue^Mhile  still  very  rasll  coeparcd  to 
R^^^can  hardly  be  said  to  be  snail  coR^vared  with  the  pitch.  In  this  case 
the  equipoiential  surfacee  do  not  satisfactorily  approadsate  the  surface 
of  the  vire.  This  difficulty  is  rltiated  by  noting  that  for  very  8s«ll 
pitches  all  tcras  tut  tt«<  first  within  tsv  braces  of  equation  (11)  bscons 
nsgUgibly  snail.  Sir.cs  ths  first  tsra  is  independent  of  the  wire  diaaeter 
it  say  ts  concluifd  tnat  for  very  close  wuur^  snail  wire  helices  the  dla- 
tritvited  inductance  is  inieperroer.t  of  the  wire  shope.  The  sasie  asy  also 


20 


b«  Mid  to  fc«  trie  of  the  iistritnjtfld  cApacltaoce. 

Depenclirg  ujicn  the  -f  appiirability , ahj  or.e  cf  the  abcTc 

inductances  oejr  be  used  »rith  the  appropriately  choaen  cApacitance  to  arrive 
at  a characteristic  icpedar.ee  arvd  phase  velocity  fer  the  transmission  line. 
Since  tnis  report  is  concerned  mainljr  with  the  characteristic  impedance  and 
phase  velocity  of  a helical  transmission  line,  no  calculations  of  Inductance 
as  such  were  made.  In  the  section  on  impedance  and  phase  velocity,  the  above 
expressions  were  used  where  applicable  to  determine  a family  of  impedance 
and  phase  velocity  curves. 

XI-3.  Characteristic  Impedance  arid  Phase  Velocity 
(a)  Definitions 

When  a distributed  circuit  transmission  line  which  has  an  inductance 
per  unit  len^h  and  a capacitance  Cjf  per  unit  length  is  studied,  it 
Is  found  that  It  can  sustain  traveling  waves  of  current  and  voltage.  In  the 
absence  nf  losses,  it  is  found  that  these  weves  travel  unattenuated  with  a 
velocity  n/g  which  is  independent  of  frequency.  At  any  point  the  ratio  of 
voltage  to  curr<nt  is  also  a constant  Zq  ^ich  is  independent  of  frequency. 
These  two  constants,  the  ;>hase  velocity  and  characteristic  impedance  are  re- 
lated to  the  inductance  and  rapacitance  parameters  as  follows: 


(20) 


(21) 


Thv  l.-iducta.nc*  ar.c;  c^pa 


,.»r<ce  p-aracetrrs  weri?  icrivei 


'.pen  thi.  iOB'utptlon 
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of  SnfiiJLtt  MT«  l«ngtt.  Ccnaequmtlj  those  coostents  i»rt  Beenin^  onlj 
•c  long  es  the  Mare  length  is  quite  long  copared  >dth  the  pitch  of  the 
helix.  The  basis  for  tnie  assertion  is  the  fact  that  the  autual  effect  of 
the  turos  of  th«  helix  upon  any  one  glren  turn  become  ssaller  as  the  dletance 
betwecc  the*  increasM.  Therefore,  it  is  the  turns  closest  a given  one  that 
fi*ve  the  greatest  effect  upon  its  inductance  and  capacitance.  If  the  uave 
length  is  long,  the  turns  in  toe  vicinity  of  any  one  given  tu/o  are 
essentially  at  eor.stant  potential  acd  carry  essentlallv  constant  current  and 
the  above  pareaieters  have  real  neaning. 

In  Ifpendix  0 an  att«ipt  is  made  to  solve  the  wave  equation  in  order 
tc  find  the  phase  velocity.  Intractable  dlfficolties  are  encountered  in 
trying  to  satisfy  the  boundary  conditions.  However,  a helix  is  studied  for 
which  the  wevw  equaticn  can  be  solved  approxinately  sod  althou|h  this  helix 
is  not  a very  good  nodel  for  a wire  hdix.  Its  behavior  sheds  sons  light  on 
the  range  of  ai^liability  of  the  above  paraneters  with  respect  to  frequenqr. 
This  will  be  discussed  ,.i  a later  section. 

(b)  Tiii  Chaimcterlstlc  InP«j*ncf 

By  uaing  (2)  and  (13)  in  (20)  one  obtains  for  the  charactarletic 

inpedc^nce. 
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Th«  expression  fiver  bj  (22)  is  of  course  very  general  and  for  certain  ratios 
of  ( ^/t  ) stapler  results  can  be  used.  For  i^I/z)  oufflclantly  large,  the 


factors  and  F2  bacoae, 


— ^ 


,*  ^2 


-Srtt^-Lagj2  S'"  > 

* I 


r,  * I -^-  + bir')^  • !Lo3,-^ 


y> 


On  the  other  hand  for  -;;—  sufficiently  •tall,  using  (5)  and  \18), 


7 , Jl.ULl.  ^ G, 

ZfT,'  €, 


wnere, 


2L<a  \ • ■ 

- — — *■  rf:.4.4r,inpj 


8 

I 

I 

I 

1 

I 

m 

I 

ikm. 

B 


ii 


{] 


IT 

Ll 

8T 


ll 

t 


i 

k f 


««.4W<Wrf»  ** 


23 


At  «n  cxMipl*  contidtr  « halicAl  truaasitsion  11ns  for  Mhich 
tbs  dLBsnsions  srs  tsbolstsd  in  Tsbis  1. 

Tsbls  1 

HimmiticoM  OJi  HsUcaI  Trsawdition 
LaA**  Ik 

0.3S5"  2.6e^ 

tj-  0.750-  <62“^  ^‘^0 

r *.  0.010-  8.854xl0"^fd/«. 

IT  a»T&rlsbls 


Those  diissnsions  w«rs  chossn  sines  ths]r  correspond  to  thoss  for 

s series  of  helices  tested  bj  the  author. 

Pisure  5 shows  tbs  iapedsnes  ss  cslculsted  from  tbs  close  wound 

bslix  spproxiastion  idilch  is  sabodisd  in  squstlons  (22),  (25)  «nd  (26). 

This  spproxtestion  ses  applied  over  the  rsn^s  of  from  0.02  to  10.0. 

Of  course,  st  tbs  lower  end  of  tbe  rsr^s  tbe  iielix  can  hardly  be  said  to 

be  doss  wound.  Also  in  Fig\M"9  5 is  plotted  tbe  socact  ispedaucs  as  sebodisd 

in  (22),  (23)  *nd  (2A).  It  is  Interestina  to  note  that  at  0 OZ  they 

T 

dlffrr  by  only  fij. 


!«>»<*ace  Curvet  for  »#|rs  Helicst 

8t  applla#;  the  al.*ov«  In  appropriate  region#,  f.«rilits 


25 

of  Ixp^fUnc*  eurvM  be«c  pr«pjkred.  Ttie/  coyer  the  case  »^ere  ” *2 

Odd  i4i«re  r 2,6l2,  and  I2  relative  peiraitti  vltica  in  raglons 

1 aad  2 reapectleal^.  The  lattar  choice  was  oade  since  ihv  relative  dielectric 
conatant  of  poljstjrene  le  2.6. 

The  fint  ;.roup  of  corves  give  the  lj^>edance  of  a helical  treneoLLseion 
line  for  Ki  - I2  frcm  4.0  dom  to  1.25.  These  curves  cover  the 

ran^e  of  ^ froa  0.20  up  to  that  value  of  at  vtiich  the  turns  butt 

together,  these  are  Figures  6 to  9. 

The  second  group  of  curves  are  for  = 2.6X2  a^l  other  diaension- 
leee  ratios  being  the  saae  as  for  the  first  group.  These  are  Figures  10  to 
13. 

(•)  Pfam  VaiocitJ 

By  using  (2)  and  (13)  in  (21),  one  obtains  for  the  phase  velocity 
in  the  axial  dlrectioa. 


where  F^  and  f2  ‘^re  given  by  either  (23)  and  (2i»)  or  by  (25)  and  (26)  above. 

0 

The  latter  pair  are  for  close  wound  helices.  On  the  other  hsnd  if 
Is  sufficiently  esail,  using  (5)  and  (IB), 


where  and  O2  ***•  by  (2B)  ar4d  (29).  In  the  event  6.  ” €rg  e<7uatian 

(.^1>  rad'oc4»e  to  the  velocity  of  light  in  a sMdius  chant  cl eri  ted  by  the 
peraeebilivj  ^ «d  the  perBlf-lrlty  . 
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67  ftppljittg  th<?  %-b<r?*  •qGUfttioQ*  In  th«  appropriate  range  cf 
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raa.Llia«  pbase  Talociiy  curraa  day*  bMc^  prepared.  The/  corer  the  c&«e« 

Ki  « IL2  *od  K^,  • 2.6  K2*  The  latter  choice  wen  aade  since  the  relatiye 

pecElttiTit/  of  it  aboot  2.6. 

The  flret  group  oi  cmrrea  glee  * Tunctloc 

R 

of  for  Ki  - f2*  Theee  currea  corer  the  range  of  &2/^l  fr~5  i».C 

R R» 

dowB  to  1.25  and  the  range  of  frooi  0.20  up  to  that  ralue  of  at 

ehich  the  tame  butt  together,  Tbeae  are  figurea  16  Tae  aeeocd  group 

of  eureee  are  for  • 2.6S2»  other  dlaMnaionlcas  ratloa  being  the  aaee 

as  for  the  first  group.  Theae  are  fig\iree  IB  to  ZL. 

II-4  lae  bsTf  Sguatioo  Solutloo  for  Tape  Helicea 

(e)  Xbi  Batted  Tap#  MiUg 


An  atteapt  is  aade  In  Appendix  D to  solre  the  ware  equation  for  a 
tape  helix  inside  a perfeetij  conducting  eheath*  Thia  ia  done  for  the  case 
il  = K2. 

The  tape  wae  chosen  because  of  the  relstire  ease  of  eatlsfjring  the 
boundarj  conditions.  It  was  also  felt  that  for  rer/  snail  conductor  eroea 
oeetlon  the  phase  relodtj  would  not  bo  affected  rerj  aignificsntijr  iy  the 
eonduetor  chape.  lu  principle,  the  boundary  eoncULtlone  at  the  tape  and 
the  sheeth  are  net-,  leading  to  a detensinental  equation  fron  «hlch  the 
propagation  eoostaot  can  be  found.  Howercr,  the  reeulting  detensinental 
equation  has  an  infinite  oueber  of  rows  and  eoluens  and  as  a result,  it  is 
not  feasible  to  find  the  propagation  eoostaot  cr  phase  reloclty  in  this 
nanxMT.  If  ooe  considers  a rcry  wide  tepe  helix  eueh  that  th«  adjacent 
turns  bttit  against  each  other,  and  further  iaposea  upon  the  tape  the  property 
that  it  can  conduct  only  in  toe  helix  direct! cs,  the  daterHlnaotal  equation 
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bis  ont  rev  sod  colaan.  As  sbovn  in  An>«ndlx  D,  it  is. 


r,  EfcRiWKiy 

K/<R.)r.r»tR.) 

r,fWK.«R) 

» a 

^sLit 

0X5  ^ 


f COJ 


= 0 


(32) 


'*>*”,  )$'=/? -4,* 


CaJ^/U^  6ti 


¥hils  it  is  obvious  thst  s tops  bsl.lx  uhieh  eoaplstsly  corsrs 
ths  exlindsr  st  radius  is  a poor  approxiastion  of  a virs  hsliZy  its 
bshSTior  for  snail  halix  anglss  should  bs  siisULar  to  tbs  bahavior  of  a 
vary  close  voiaad  sirs  helix.  Equation  (32)  can  bs  vrittsDf 


A*R^  Kr^KifttRi) 
i;01lR)K.(*R,)  ■ 


‘ ’UXH^KK), 

\ !;«(!, )K.(y»m 


o 


(53) 


for  any  fisso  frsqusacy  and  halix  anglo,  this  is  a tranaesndaatal  aqastian 
in  tha  oQkRow:  % • If  this  can  ba  solrad^  the  propafstion  constant  /$ 
sr4  tha  valoeitj  Ai(  viil  follow  isaadiataly.  This  equation  can  ba  put 
In  tha  fbm. 


Mmiiii 
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[.  j 

i>R  ^ . '}' 

'*  ''  [4  iy«it,iK,(y.fei 

f rf<«.jK.(i',P.li 


(M) 


lx  i«  <^nriott*  trom  (34)  ui&t  If  one  eeeuaee  eose  particular  ^lue  for 
(K^)  a correspoodin^  value  of  Ccij^  ) can  be  calculated.  TW.e 

calculated  value  of  Cot{f>  } «et«i  divided  bj  the  aseuoed  { "Kf^i  ) jlelds 

a quaatitj  y^Cot^  tdxich  can  be  plotted  as  a function  of  • This 

is  done  in  Figure  22  for  ratios  of  froa  1.25  to  4.0. 

It  is  of  interest  to  find  the  velocitj  as  co  is  allowed  to 
approach  aero.  Uhea  this  Is  done« 


LifWir  (\J^ 

CkT^O 


(35) 


One  result  uhich  can  b#  obtained  froa  Figure  22  is  that  the  phase 
velodtp  is  not  independent  of  frequencj.  At  very  low  freqtiencies  it  is 
given  tgr  (35)  and  at  Tery  high  frequendeo,  since  ^ Cod/  approaches  unit/i 
it  ia  gives  fa7 
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Thl»  1*  th*  »*loclty  which  a s»*r«  would  liawe  if  it  tfer#  to  propa^satt  is  th« 
bwUx  direction  with  the  relocltj  of  li^t. 

Tabla  2 

Bgtt^di  T4p»  Haiioal  TrAnMeiaalcp  Lina  Dlaanalona 

0.375  inchaa  6- 

Sjxr  0.750  • ^2*^0 

r=»0.0625  • 6 8.854x10*^  fd./». 

o 

As  an  axB^pls  conaidar  a butt  tapa  halix  haring  tha  diaenslons 
listad  In  Tabla  2,  Yha  two  limiting  ralocitiaa  from  (35)  and  (36)  ara, 
raspaetlTslx  10.81x10^  and  7.96x10^  natara  par  aaeond.  Iba  pbaaa  TaXooltj 
at  othar  fraquaneiaa  is  sbom  in  Flgura  23.  lhasa  bars  baao  noraalisad  bj 
diwldlnf  tham  tj  lha  walocitj  giran  bj  (36). 

In  ordar  to  show  tba  affaet  of  wlra  aisa,  tha  ptesa  raloeitj  as 
eompotad  from  aquation  (30)  for  this  sama  hallx  mada  from  round  wlra  Instaad 
of  tapa,  has  baao  plottad  in  Pigura  24.  Ov«r  the  range  of  wira  slsas  eon- 
sidarad  tha  agraemaot  with  (35)  ia  ▼arj  good.  As  ona  allows  tha  vlra  sita 
to  approach  saro,  aquation  (30)  spproach  (36).  Ibia  portion  ia  ahow 
dottad  in  flgora  2a  ainca  no  calculations  wars  nada  balow  fAi  * 0.005. 

Thue  (35)  sppaara  tc  ba  a fairly  accurata  aspraaaion  for  rery  elosa 
wound  halioaa.  It  does  bowavcr  fail  to  agree  with  the  true  phase  velocity 
as  tha  pitch  incraasas  as  shoim  in  Figure  25.  For  this  cass,  aquation  (35) 
gives  a raoult  orer  a cooslderabla  portion  of  tha  range  . 

lha  aa.Tljrm  deriation  is  about  17J(  at  ( ) * O.A.  awan  though  (35) 

would  ba  of  UmltaC  ussfulMsa  in  tha  design  of  wire  helicae,  it  would  ba 
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qcdt*  uMful  for  tap«  bclicos  «b«r«  th«  tApo  width  Is  sacb  as  to  rary  noarlj 
rosult  in  s bott  iMiiz.  This  equstioD  bAs  b«cn  us«d  succossfuLly  ^ja  tho 
dooliQt  of  A tip*  helix  (s«o  reference  (20)), 

(b)  P|«9*  TelodiT  And  Cherect eristic  iDodsnce  of  a Battow 

In  Appendix  D are  derived  expressions  for  the  charmcteristic 
iapedsnee  acd  phase  relocit}'  of  a narrow  tape  helix.  These  expressions  which 
wire  derived  for  an  anisotiopic  taps  which  can  conduct  only  in  the  helix 
direetioR,  applj  to  low  fre<|ueocles  only  since  they  were  derived  on  the  basis 
of  sero  frequency. 

The  phase  velocity  is  givsn  bj, 


I Si  ^ St 


(37) 


s. 


(3«) 


S. 


(39) 


- 2nd 

^ * VCasji^ 


iuo) 


O * ^ 


(U) 


JiisWl*''  ISrtfW  -T?******--!  — T 


Th*  charmc^erlstic  ittped^ac*  is  givsn  bj» 


2TT 


< ) 


Both  of  th«s«  expressions  spplj  to  the  csss  tkiw  tns  helix  is 
Isisrssd  in  s hoskofsnsous  isotropic  asdiun  chsrsetsrlssd  by  penssbllity 
/CXe  sad  psndttiTity  • 

Expression  (37)  sss  used  to  caleulst*  the  dsshed  currs  of 
Figxirs  25.  There  is  very  good  sgreeaent  between  it  and  tbs  cures  for  tbs 
wire  helix  hsring  a wire  diaaeter  eoual  to  the  tape  vddth*  As  was  pointsd 
out  in  Appendix  0,  equation  (37)  should  glee  a result  slightly  lower  then 
the  correct  result. 

Equation  (i»2)  was  used  to  calculate  the  dot-and-dashed  currs  on 

Figure  5*  It  agrees  octree elj  well  with  the  round  wire  helix  st  raluee  of 

'%e->iO  » these  ralxiss  being  oXf  the  currs  sheet.  The  reesoo  for  the 

R. 

dlsererency  for  lo*«  raluss  of  lies  in  the  fact  that  the  currs  for  the 

round  wire  helix  includes  tbo  effect  of  a polystyrene  core  upon  which  the 
helix  is  wDundf  wheress  the  tape  helix  curre  does  not.  If  this  dot-and- 
dashed  currs  is  vonpered  ^th  the  currs  oI  Figure  8,  it  is  found 

thst  the  rtgresnsot  is  quits  good, 

1^*£  in  ihf  HiLt  sa^ 

Frobahly  the  siost  laportani  losses  in  the  hslical  structure  srs 
those  wnleh  occur  in  the  wire  ard  shield.  The  results  which  ar*  derslopsd 
in  Appsndlcss  C and  0 and  «hich  are  presented  in  this  chapter  are  based 
upon  the  assuaption  that  the  wire  and  sheath  are  lossless.  The  presence 
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o*  conductioo  in  the  wire  *o<i  sht.<it.h  will  char<;e  the  rtsults  of  ♦he 
umItsIs  pr«3<nte4  up  to  this  point.  With  etoderat*  aaounts  of  lo9»j  how«Ter» 
itt  effect  '^ipon  the  prexlous  reeulte  t<lll  »o  saall  42  to  be  negligible.  This 
is  fortunate,  for  an  exact  solution  of  the  problea  with  a wire  and  shield  of 
finite  cocddctirltj  is  axtrenely  difficult. 

If  the  radius  of  the  wire  is  very  mall  as  coeparsd  to  the  helix 
radius,  the  wire  say  b«  considered  co  be  essentially  straight.  In  this  case 
the  well  known  theory  of  skin  effect  in  round  straight  wires  can  be  applied 
(see  reference  (22),  chapter  15).  This  theory  neglects  the  effect  of  other 
curr<Bt  carrying  conductors  in  the  neighborhood  of  the  conductor  under  con- 
sideration, this  effect  beir>g  called  the  "proxinlty  effect".  For  a close 
wound  helix  there  are  aany  turns  of  wire  in  close  proxiAity  to  the  arte  under 
consid«rmtioc<  fortuDaieljr  the  preodBity  effect  of  thoee  conductors  on  ths 
one  side  of  any  gieen  eondixtor  is  cancelled  by  those  conductors  on  ths  otbsr 
side  of  the  given  conductor.  Unless  tbs  shield  is  very  close  to  the  helix 
the  proxisdty  effect  of  the  shield  currents  is  negligible  and  will  be  (xaltted. 

from  reference  (22)  there  is  obtained  the  skin  effect  ratio. 


otr  lofetr; 


I 


where, 

a- 

^ ~ the  cooductinty  of  the  asterial  of  the  wire 
r '■e  tbs  radius  of  t.hs  wire 


(O) 


(44) 

(45) 

(46) 
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This  ratio  1*  plotted  in  Figure  26  ae  e functioc  of  jo£r|  . For  v»luM 
of  the  erj72?«t  in  exces*  of  ICO,  the  ekin  effect  ratio  la  given  very  cloaely 


f^<vc  ^ let  r I 
RA:  Z/Z 

Since  the  re'-ielanre 
diatributioo  ia  given  by, 

T7  r*CT 


(47) 

vdre 

*nit  length  of  a round^for  unifom  currant 


(48) 


the  reaiatAnce  of  the  «drc  per  unit  length  in  the  helix  direction  ia  given 
tJi 


f?uT 


i 

irr^o* 


(49) 


Froa  thia  the  resiatance  of  the  wire  per  unit  length  in  the  axial  direction 


Kiic 

IT  r*(T  Rdc 


(50) 


In  order  tc  calculate  the  loeaee  in  the  sheath,  it  ia  necaaaary 
to  know  the  current  diatributioo  on  the  eurface  of  tha  aheath.  If  tba 
iosaaa  are  eeall,  tiMy  will  have  a negligibly  anall  effect  upon  tha  current 
diatrihution  at  calculated  upon  the  basis  of  infinite  ecodoctivlty. 

Sqxwitiooa  (146)  end  (147)  of  Appendix  C can  ba  uaad  to  arriva  at 
tha  aarface  ssrrml  desalt j for  a quaal>^static  case  of  alternating  curr«\te. 


Tb4t  is,  for  • frsquflocy  low  snougb  thst  th«  curr<v;t  aad  ch&rfs  distrlbutlODS 
sr«  ssscRtlal?/  tbs  sass  ss  for  the  static  case.  Hsnce  frow  vH6)  and  (147) 
'he  sorf&cs  current  dsnsitiss  are. 
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(52) 


vhsrs  1,1^,  is  tbs  sffsetiTs  salus  of  ihs  eurrsnt  flowing  in  ths  wirs. 

If  ths  frsqusnqr  is  suffidontlor  high*  tbs  dsptb  of  psnstrstioo 
of  curr«it  1 trSsC  8urf«c«  of  tns  shssth  will  bs  sastll  coapsrsd  with  ths 
rsdlas  of  tbs  shssth.  For  this  csss  tbs  skin  dsf^b  will  esaentisUy  bs 
ths  ssas  ss  for  s plans  conducting  shsst.  It  Is  fcr  that  csss. 


(53) 


7ns  skin  dspth  has  th«  propsrtjr  tbat  if  all  tbs  ovrrent  flotdng 
in  tbs  shsstb  wsrs  to  flow  with  uniform  distribution  in  a surface  lajsr  cf 
thiduisss  £ f ths  loss  wuld  ts  sxactlj  equal  to  ths  ectunl  loss. 

Row  conaidsr  a r.'jig  of  wsry  nm<all  length  and  thickness  6 

takso  out  of  ths  shssth  as  shown  in  Figurs  27(a).  Sines  ths  turfacs 
dsnsitiss  ^ and  ars  orthogonal  ths  total  loss  will  be  equal  to  ths 
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arithivtic  sw  of  tht  loss  due  to  each  indirldual  ccxsponect.  For  Lh«  jJ  coit- 
ponent  of  c«rr«it  density,  the  total  nia  current  flo»dn^  in  the  differential 
•lab  a«  snom  in  Flirure  2'/(b)  is. 


Thil  flows  in  a slab  that  has  resistance, 

i,  (n^dtja 

and  the  loss  in  this  elab  due  to  the  Ji  component  of  current  is. 


&Zrmi 


! n 


* • » 

1 i 


idtere  the  ^rmi  obta5.ned  from  (52)  for  some  particular  value 

of  and  0 , It  this  expression  is  integrated  with  respect  to  0 

from  0 to  2TT  the  result  will  be  the  loss  In  the  ring  (hie  to  the  Z co«> 
ponent  of  current.  Vo  generalUty  is  lo«t  by  taking  the  position  of  the  ring 
at  being  at  i eouals  zero.  Denoting  th*  loss  in  this  ring  due  to  as 

^ there  results. 


p*  = 


^ 2' 

I 

n « I L J ! 


' I'mnia  I miiiiinmninmsssi'fi rill  ifn  . 
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In  exactly  tise  aam*  ■anner  the  loss  In  the  rln^  due  to  the  0 cobs- 
poRvst  of  current  density  is. 


(58) 


The  total  lose  in  the  rin^  will  be  the  arlthBetic  sius  of  equations  (97) 
and  (58).  The  loss  in  this  partioilar  rir.g  will  be  no  different  than  the 
loss  in  any  other  similar  rin^  taken  out  of  the  sheath.  Hence  by  dividing 
the  sum  of  (5?)  and  (58)  by  ( A J?  ) the  sheath  loss  per  unit  length  In 
the  axial  direction  is  obtained. 

If  this  is  then  di Tided  by  the  nas  wire  current,  an  equi Talent 
sheath  resistxics  referred  to  the  wire  is  obtained.  Denoting  this  by  » 

there  results  for  the  resistance  per  unit  length  in  the  axial  direction  due 
to  sheath  losses, 


go 


R,  ^.(bR.)] 


(59) 


ns  I 


This  resistance  Uten  added  to  the  resistance  of  equation  (50)  gives  the 
total  reaistance  per  unit  of  length  in  the  axial  direction. 
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Chapter  III 
E»3>TliMotft3,  HegttXta 

Other  trthor*  have  conduct*!  experijiantal  work  on  the  iapeo&nco  «d 
phase  Telocity  of  shield*!  helices.  Howerer,  this  author  has  coedveted 
siailtr  experiieeuied  work  because  the  reports  of  the  prerious  InTestigators 
left  eoNW  doubts  cooceminf  the  aanner  of  testing  or  the  actual  diaensiona, 
ete.,  of  their  helices.  Ae  will  be  shom,  the  work  of  cll  the  inrestigators 
agrees  closely  with  the  analytic  results  presented  in  the  previoue  chaptur. 
After  a discussicn  of  the  present  author's  work,  the  iriTsstigations  of  the 
other  iaresttgat^rs  will  be  presented, 

Ul-1  Si2  2l  Testing 

The  aethod  of  testing  used  by  the  present  author  does  not  aeesur* 
the  ehereeterlstlc  iapedance  sod  phase  Telodty  directly.  These  are  dster- 
■iaed  frea  e aeasurenent  of  the  open  circuit  and  short  circuit  drirlaf  poliA 
inpedaaces  of  the  trenssdsslan  line.  Figure  28  shows  the  results  of  e typical 
set  of  neesuraMots  on  a gisen  losslsss  helical  trenanission  lins  of  axial 
Isncth  Jj,  . Fran  trenanission  line  theory  applied  to  a lossless  trmsnission 
lins,  the  opM  and  short  circuit  inpcdences  ere  purs  reactance.  They  ere. 


(1) 


Xoc*  Cot  {z  Tfi  ^g/Lj?Ci ) 


(2) 
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»»h*r«  Xjt  *n<i  ^0c  »r*  the  short  circuit  *nd  opon  circuit  drirlng  point 
respectively.  The  pcrseeterB  and  are  the  ctlstriuuted  in- 
due tence  end  cepecitence  per  >^it  of  length  in  the  exlel  direction. 

Fro«  (i)  and  (2), 

Zo=/J-  (3) 

ATg  = = 4 f,  ^ (I.) 

xfcere  ie  the  frequency  of  the  first  ■pole*  in  the  short  circuit  driviof 

point  iapednnee.  This  frequency  is  eleo  that  at  tAiich  the  transwlecion  line 

lOOf. 

is  one  quarter  of  a vare-length/^  Thus  by  Maaurlng  the  open  mi  short  circuit 
driving  point  i^edaoees  for  frequencies  to  that  at  which  the  lint  becones 
one  quarter  of  a wave-length  long,  the  characteristic  inpedancs  and  phase 
velocity  cm  be  detenained  fro*  (3)  end  (a). 

The  analytic  reeulta  of  Chapter  n were  arrived  at  by  assuning 
iafinite  wave-length.  Beei\uae  of  thie»  the  czperljMntal  resulte  are  confined 
to  freoueocies  for  idtich  the  treaimleaion  line  in  equal  to  cr  less  tba?;  one 
qearter  wave-length  long. 

The  driving  point  iscpedencee  were  «<«asured  with  either  a General 
iadio  916a  bridge  or  a General  Kadlo  821A  twin-T-bridge.  In  either  caee» 
the  oecillator  used  wee  a Ovoeral  Radio  6AiJl  oecillator.  Since  the  bridge 
sieaeureBient4P  are  dependmt  upon  a icnowledge  of  the  opplled  freovency*  this 
ctclLlator  mss  calibrated  fro*  0^?  Me  up  to  5 Kc.  In  no  case  di.i  its  sea..* 
reading  differ  by  nore  than  0.3!^  froe  Ha  true  frequency.  Because  of  the 
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rmrj  food  In  the  regior.  of  'Alibrfttlon,  it  woa  usod  with  cotifldenco 

up  to  Aboot  10  Me.  Th«  9l6i  bridgo  la  accuroto  to  within  >2t.  Tho  S21A 
twin  T bridf*  it  e onsid  er oblj  mere  aecurata  than  this  bocauaa  it  o^jlojrs  a 
hlthlj  prociaa  eapadtor  in  a "subatitutioo*  circuit. 
lUzZ  si  ^ and  &cperlmgntal  Results 

All  of  the  helices  tested  haa  the  aM«  R-t,  R^  and  wire  radius  T « 
0.750**  ^ 

These  were  respectieelj  0.3SS»"/land  0.010*.  The  winding  pitch  was  earied  frea 
1/32  inch  up  to  1-1/2  xncheo.  The  outer  conductor  or  sheath  consisted  of  a 
1.)* copper  tube  72"  long  with  a wall  thickness  of  \/6  inch.  The  first  two 
helices,  loa.  1 and  2,  vers  wound  on  a poljstTrens  tubs  haeing  a 3/4  inch 
outalda  diameter  and  a 1/16  inch  wall.  These  helices  were  72  inches  long 
and  were  supported  coocer.trlcalljr  in  the  copper  tube  by  three  polystyrene 
supports  placed  at  both  ends  and  the  middle.  These  supports  vers  l/8  inch 
tiiick  and  their  effect  wms  assuaed  to  be  .-;ogligible.  The  helix  was  SMde 
very  long  in  order  to  eliminats  from  consideration  any  and  effects,  the 
•raly.ils  cf  Chapter  11  b«a.ng  bused  upon  an  infinitely  long  helix.  Helices 
3 to  8 vsre  the  same  as  1 and  2 in  all  reapeete  cxcc^  that  thiy  weiHi  wound 
on  3/4  Inch  solid  polystyrene  rod  and  were  71  inches  Icog.  Figure  29  (a 
photograph  of  helix  lo.  6)  shows  a portion  of  the  copper  sheath,  the  rod 
with  tbs  wire  helix  wound  on  It,  and  the  end  support.  Tabls  3 givsi  ths 
of  the  rarlcus  helices  along  i4lh  the  calculated  and  measured 
properties. 
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Indies 

Calculated 

■ 1 

Meaeured 

Calculated 

Keas\u*ed 

0.>0 

i 0.770 

247* 

1 

1.068* 

1.036 

1.00 

i 0.365 

210* 

216.2 

0.930* 

0.930 

0.03125 

12.32 

2260 

2250 

1.347 

1.328 

0.0625 

6.16 

1140 

1137 

1.342 

1.321 

0.125 

3.06 

603 

605.5 

1.302 

1.272 

0.250 

1.54 

356 

364.5 

1.206 

1.181 

0.500 

0.77 

247 

257.3 

1.066 

1.052 

1.50 

0.257 

201 

212.3 

o.r/4 

0.661 

«€iJ.eulAt«d  for  « Mllii  cor« 

Tbaso  r«tult9  «re  plotttd  ir.  figure  JK)  and  31.  At  the  lower 
end  of  the  renfo  of  ^*/f  ^ the  neaeured  ljq>edancee  lie  eoaewhat  eboee  the 
eadculated  iafWKlancee.  This  ie  probablj  because  of  the  fhct  that  the 
theoreticAl  result  is  based  upon  tiie  assusption  that  the  dielectric  ■atexrial 
of  the  supporting  red  extends  out  to  a radius  B^.  In  actualitj,  it  fells 
short  of  this  bj  an  aaount  equal  to  the  wire  radius.  In  Figure  31  the  phase 
Tclocit/  coeparee  Ter/  farorablj  with  the  theoretical  curre,  the  Modevei 
deviation  beini?  3S*  One  thing  apparent  from  the  test  results  is  that  it 
eakei  very  little  difference  whether  the  helix  is  wound  on  a aolld  rod  or 
upon  a tube. 

JULbl  fet>erlanrt.al  aeeults  of  Other  Investixatore 

(a)  Z&i  SjSULkIL  la  lretfl?C 

The  report  br  1.  Aeutner  of  the  tesla  or.  a series  of  shielded 


•JI»i^79»S 


^mfinrn 
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dilililH! 
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bclicM  !•  ccntAinod  In  rcfsronc*  (14).  In  these  tests,  Eeutner  considered 
both  wire  wound  and  t&pe  helices.  Onlj  his  results  for  wire  helices  are  given 
here.  Hie  method  of  measuring  was  to  determine  the  inductance  per  unit  length 
fmm  a short  circuit  test  and  the  capacitance  per  unit  length  from  an  open 
circuit  test,  both  tests  being  p erf  armed  at  a verj  low  unspecified  frequencj 
frcBi  Ibswe  oeMurer'  parM»*^ers,  he  r/ji at e^‘  the  impedance  and  phase  velocitj. 
The  cables  he  tested  had  en  of  "about”  4.5  nm  and  an  of  "about"  10  am. 

The  insulation  bstwemn  inner  and  outer  conductora  was  an  air  space  formed  by 
stjToflex  insulation.  An  examination  of  a photograph  of  the  cable  shows  that 
apparently  the  outer  conductor  is  supported  on  styrene  wafers  about  20  wm 
apart,  each  wafer  being  about  3 Ma  thic>..  In  addition,  chere  appears  to  be 
a double  helix  of  insulating  cord  running  over  the  wire,  the  pitch  being  about 
55  M.  However,  Keutncr  makss  no  mention  of  the  insulation  between  Inner  and 
outer  conductors,  neither  «dtfa  respect  to  the  quantity  nor  with  respect  to 
ite  diepoeltion.  Jf  one  considers  the  effect  of  styrene  wafers  3 ■■  thick 
placed  20  as  apart,  it  Is  approxiaately  eq\iivalcnt  to  increasing  the  dielectric 
constant  in  the  air  apace  between  the  inner  and  outer  conductors  to  about 
1.24.  This  would  hare  the  effect  of  lowering  the  characteristic  Impedance  and 
phaae  velocity  by  about  11. 5i^  as  ccsipared  with  these  q<jantitiea  for  a pure 
air  dielectric  in  region  2.  The  helix  itself  is  wound  on  a paper  core  for 
which  the  dielectric  constant  is  about  2.0. 

No  sua.tlon  is  eade  of  the  wire  diameter  used  In  the  tests.  However, 
in  Figure  4 of  Kvutner's  report  it  is  obvious  that  the  helix  of  this  photo* 
graph  is  butt  wound.  This  fact,  plus  the  fact  that  the  highest  turns 
dsnsity  for  which  ho  reports  any  results  is  9.7  turns  per  cm-  Indicates  that 
tr.*  wire  diameter  used  mis  probably  1.0  a. 

Ic  table  4 are  sumaarited  the  dimensions  and  other  data  tdiich  were 


probftblj  used  in  toe  halices  built  bj  Isutnerc 

UhU.k. 

I>ljienaleas  of  ths  KsHcss  Built  by  loutnei 


E,  1.5* 


I2*  10. 00a 

r » 0.3*ai 


r * 1.03  to  l(ka 

2.0 

Ko^  1.24 


Using  the  diaensions  of  Table  h,  the  chareeteristic  Ippedance  isA 
phase  velocitj  were  ca3.culated  bj  ths  aetbods  outlined  in  Chapter  II  of  t^ti• 
report.  In  Table  5^  the  results  of  these  calculations  are  cenpared  with  the 
test  re8vd.ts  obtained  bjr  Keutner.  These  results  are  also  plotted  for  roa- 
parisoQ  In  figures  32  and  33* 

Table  5 

Costparison  sL  Calculated  end  Test  Results 


Plteh, 


10.0 


4.55 


2.50 


1.67 


I 


A- 

T 

Characteristic 

Ispalanee 

OtaBS 

Caloolated* 

Measured 

0.45 

1$1.$ 

154 

0.99 

213.5 

217 

1.80 

338 

334 

2.70 

492 

477 

3.60 

6$$ 

626 

4.37 

798 

756 

1.037 


1.20$ 


1.295 


1.300 


1.29$ 


*•  Calculated  froa  the  results  of  Chapter  II  of 
inio  report. 


ured 


1.020 


207 


1.300 


1.304 


1.304 


1.294 
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k»  ctLO  b*  froB  thes«  results,  th»  ayiwnt  b«tw»«n  caJettlAtioo* 
Atid  lit  rmarkftblj  good. 

(b)  Tht  Reoults  of  C,  Susskind 

th«  bj  C.  Stisaidr.d  of  th«  testa  on  a aorles  of  ahieldod  helicea 

is  ccntainod  In  reference  17.  This  report  Is  deficient  in  that  no  Mation  la 
nade  of  the  aethod  of  teat.  Xor  ia  anj  mention  nade  of  the  asinner  in  Wtich 
the  helix  is  supportad^  either  yith  regaixl  to  the  core  upon  vhich  it  is  wound 
or  the  support  between  the  helix  and  the  shield.  No  attest  was  made  to 
aeasure  the  ;R»se  Teloeitj^  nor  was  any  data  given  from  idilch  phase  Telocity 
could  be  calculated.  The  helices  tested  were  all  quite  short,  being  11 
inches  long  Insido  e 12  inch  shisld.  They  were  all  wound  with  #20  copper  wire. 
Tbeee  helicee  trtre  eo  short  that  it  was  felt  that  end  effects  -ould  probably 
hSTs  an  isvortaat  effect  In  lowering  the  eharacteri  stie  Impedance.  For  this 
reason,  tbs  helix  which  was  chosen  for  coeq>arlson  with  the  analytic  results 
of  Chapter  II  was  one  for  «Ntich  (R2  * was  a srlnlM» 

Figure  34  shows  the  calculated  and  test  Impedances  for  the  case 
= 3*00,  lx  • 0.266  inches,  and  <7^  * 0^060.  The  calculations 
assumed  a polystyrene  winding  form  upon  tdiich  the  helix  was  wound,  smd 
sssvsed  ths  prsssncs  of  no  dielectric  oatcrial  in  the  specs  between  the  inner 
and  outer  cooduetore.  The  test  results  are  7,3S  to  below  the  calcu- 

lated results.  Is  Ticw  of  the  uncertainties  regarding  end  effects  and  the 
actual  method  of  stqipcrting  the  helix,  the  agreomsnt  between  test  end  calcu- 
lation is  good. 

(e)  O^fegE 

Two  other  helicee  are  here  compared  with  the  calculated  results. 
i,  lukel,  in  reference  (20)  discuseee  the  msasurement  of  the  input  impedance 
of  a tapered  helical  irn'iSilssian  lino  in  which  the  ispedance  changes 
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•PproxiflAtelj  15  p«r  ttim.  Kvk«l*«  h*lix  is  sound  on  Lucita  tubir^  and  has  ths 
foUoiang  cit*ni»icc»:  - 0.76^«,  - 1.50*,  XT  « ■ 3.0 

and  l2  * I.O.  Th«  characteristic  ispodaccs  of  this  helix  was  asasurod  bj 
uslnR  pulse  techniques  and  obserrinx  deflections  upon  m osciUcscope.  His 
results  also  d^ecded  upon  a knowledge  of  the  characteristic  Impedance  of  a 
ccsssercial  coaxial  cable.  Using  for  this,  ths  manufacturer's  nooinal  value  of 
52  ohRSf  he  arrived  at  a value  of  290  ohms  for  his  helix  as  coopared  with  a 
calculated  value  of  255  ohms.  This  agreement  is  fairly  good  considering  the 
crude  method  of  measuring  the  impedance. 

As  a final  cosparison,  a ccostercial  delay  line  wilj.  b*  censidered. 
This  line  is  a Federal  Telegraph  azsi  Radio  Corporation  BC  - 65  U cable.  It 
has  the  following  dimensions:  Rj|^  « 0.059  inches,  R2  ■ 0.148  inches, 

r * 0.004  inches,  V • 0.0089  inches,  end  Ki  s K2  * ^*7. 

Tbs  aeaufacturer  specines  for  this  line  thet  its  iapsdsncs  is  950  ohms  and 
that  it  h%8  a delay  of  0.042  ■icrosscon'ls  per  foot.  Calculations  based  upon 
the  results  of  Chapter  11  yield  for  ths  ijtpsdancs  916  ohms  to  972  ofaas  and 
for  the  delay,  0*0463  to  0.0437  laicrossconds  par  foot.  The  firiA  rsluss  ars 
for  K2  * 2.7  and  the  second  values  for  (2  * sfrseeent  is  very 

good  with  respect  to  the  impedance,  end  fairly  good  with  respect  to  the 
delay. 

(d)  12  !£>•  Siciili 

The  experimeiAal  werk  carried  out  by  this  author  and  othan  confirms 
the  analytic  results  set  forth  in  Chapter  II.  Miile  ths  author  mads  no 
attempt  to  set  ac  upper  lijai*-  for  wire  site,  the  work  of  Ecotner  teems  to 
confirm  the  validity  of  ths  analytic  results  for  wire  radii  up  to  about  U5 
of  ths  helix  rsdl..s.  Tns  a:Q>exlmaatal  work  of  this  author  ssoss  to  abow  that 
It  is  imaterlal  tdxethar  the  helix  is  wound  on  a tube  or  a rod. 
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kppasai  i, 

Kodifled  B—541  runctiow 

4 1»  Plf f«T<ntiAX  Ecuatioo«;  3eri#«  ftcpangjoni 

The  basic  functions  with  »^deb  this  appencilx  is  concerned  are  the 
independent  solutions  of  the  following  second  order  differential  ep^^tlon 

^ ^ 4 ° (1) 


«dth  real  ealues  for  x and  integral  values  of  m.  Mhether  or  not  b is  an  in-> 
teger,  one  solution  of  (l)  (follotdng  ths  notation  of  Vatson)  is> 


OO 


r — ,1 
5»  O 


Si  (w+in 


(2) 


beept  wtien  e is  an  integer,  I_^(x)  proTldes  a second  solution  of  (1)  which 
is  linearly  independent  of  l^ix).  However  for  ■ an  integer 


!.„(«)  « r„(9() 


(V, 


and  ar.other  solutloo  is  necessary*  The  second  solution  uaed  here  for 
an  integer  is. 
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K*(x)“ 


M 


Th*  function  ^(x)  ic  defined  bj  tti«  following  9mim, 


CO 


zs~m 


0 

o«  t i-*m 


S‘  1 


(5) 


Mb«r«  T'’  it  Buler't  ccnetAot  ( « 0*5772  •*.  } and  where 

0'^j*  W Y ■*“  s’ * ' • • + 7^  (S) 


It  is  erldcit  froB  the  oerlee  flTan  taj  (2)  and  (5)  that  l«(x)  and  K^jCx) 
ar«  not  ragular  at  x aq^al  to  infinity  and  x«ro  raapactlToly 
for  X flBBlI  the  following  approxlmatians  are  uaeful; 


I.W=  i 


(7) 


(9) 


K.(»j 


m 


(Esdii  (xr 

Z 


0 


(10) 


for  lATgo  traluoa  of  x wh«r«  x ■ th«  foUoidnx  osjaptotle  sorloa  ara 

uaafult 
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Graphs  of  tiiMo  fuactions  &r«  shswr.  cn  22i*  *oi  2J*2  of  rsfereneo  (7).  Tho 

tjrwtr  p»49  showing  I^(x)  for  b>0  thrtroj^  6 «n4  x frooi  0 to  6,  tho  l^ttor 
p«f«  shewing  ^Ko(y}«nd^  fer  x fren  0 to  6.  The  soot  cowpleto  t&blos 

of  J^(x)  Ka(z)  sro  eontoinod  in  roforonco  (6}« 

Rocurropco  f^DSnjAf  SOl 

Tho  roeurronco  forsulnc  for  tho  I^(x)  and  Kb(x)  functions  sro  as 
follows,  whoro  for  tho  sajeo  of  sisplicit7  the  arfixasnt  has  boon  onittod; 


X — fh 

And 

XK'^=  T«r.Km“XKfAoi 

(15) 

XXm  ~ "t*  X 

(Xfld 

X Km  “ ' — X Km->( 

(16) 

Oild 

(17) 

iX|^  * XfnH  ^ Xm»i 

dnd 

^ K»rj  * “ )CinH  *“  Kmo  i 

(la) 

Tbs  Vrooeklan  t^ch  gloos  tho  rolstionship  botweon  tho  indopondent 
solutions  is 


lo* 

li 


^^Sl 

<L 


(r«Ki.-i:K,)-  4- 


(19) 


frow  thle  any  bo  obtslnod  tho  usoful  rolstionship. 


X 


(20) 


Kaqj  Bddlti9Ml  a*«ful  forMuIa*  ore  siren  in  reference  (>$)  on 
pe^e  arsiil. 

A=2j.  Si  ggtmi4  geeeeX  fupcUooe 

Throogboixt  the  eoeJlyeis  in  thie  report,  the  products  I^Cx)  K^(x), 
Ii^(x)  kJ|(x)  end  I^Cx)  t^(x)  frequentlj  occur.  In  reference  (U),  it  is 
sho«ei  thet  these  prod«icte  ere  glrsE  epprcxisetelj  by, 


liWKiWfi 


(22) 


-1 


(23) 


Plfure  35  ehom  the  function  Z Xe(X)  K«i(x)  plotted 

M s fmetioe  of  X for  ■ up  to  4,  This  sho««i  the  very  fr>od  SfreeMitt  between 
the  eKeei>  eod  eppreodaets  expressions,  especielly  since  use  is  sede  of  this 
eppresdaetloB  for  tslIims  of  x in  excess  of  ebout  3«  Vo  celculetioos  were 
Mi4e  for  e greeter  than  i,  end  x gr-eet^  then  8.  Bowever,  in  view  of  ths 
ctereeter  of  the  sep&rete  esyaptotic  series  end  the  oehevior  exhibited  by  the 
curvee  of  Fifui'e35  * it  seeoe  reesooetle  to  expect  that  the  representstion 


70 
♦ ^ 


flTtn  by  (20)  1»  within  S of  tht  tru*  tsIu*  lor  all  » ^roatbar  than  1, 
fartb*r«or«..  it  can  ta  shew  that  (20)  holds  with  Incraaaing  accuracy  fer  ail 
■ aa  X Ir.craaaaa  to  infinity. 

In  figvra  36,  thara  is  plottad  the  function  — ^(^)- 
for  X up  to  ft  and  ■ up  to  4.  As  in  tha  previous  casa,  there  is  again 
rattsrkably  good  agra«tcnt  for  x graatar  than  4-  It  seess  safa  to  say  that 
ths  r^raaaDiation  givan  by  (21)  is  within  2Jt  of  the  trua  valua  for  all  ■ 
graatar  than  1.  It  can  be  sho«  that  ragardlaas  oftt,  this  function  approaches 
unity  aa  x approachaa  infinity. 

In  figure  37,  thai*e  is  plottad  the  function  -2xln^(x)  K^(^)  for 
X np  to  ft  and  ■ up  to  4.  Although  this  plot  shows  that  the  approxlnaticn 
fivan  bf  (22)  ii  not  aa  good  as  those  of  (20)  and  (21),  tbs  aannar  In  which 
this  approxlBatioQ  is  used  obviatas  ths  asesssity  for  high  accuracy.  It  appaara 
in  an  exprassies  of  the  fons^ 


J 


A typical  ease  wsuld  oa  (bRi)—  3»0 

Froa  Figura  37  for  ■ ■ 1,  KsbCbRJ  is  actually  UJL  higher  than 

the  value  given  by  (22).  Howrrfsr,  the  entire  expression  in  the  brackets  will 
be  at  nost  only  39l  toe  high.  For  values  of  ■ in  axeasa  of  unity  and  values 
of  ( ) In  exaasa  of  3.0  tha  agrawMnt  la  even  batter.  Since  this  tans 

appaara  in  ao  infinite  sariaa,  tha  sias  cf  ths  aeries  using  the  approxiaation 
of  (22)  will  be  caaaidarabi/  cloaar  io  ths  trua  sub  than  tha  error  Ir  tha 


rirst  t«m  }u)dlcAt«0. 

Thre«  other  comblnati  cr.s  of  Bessel  f‘^cticr.5  occur  frequently  in 
the  foregoing  work.  They  are. 


r^l>R)Km(bgJ 

rlufcjOb^i 

For  very  saftll  values  of  b 
of  pitch  V , all  three  of  these  be< 


(2k) 

(25) 

(26) 

, that  Is  fcr  very  large  values 


(27) 


Consequently,  for  large  values  of  m,  they  bocoae  negligible  with  respect 
to  unity,  for  large  values  of  b , say  3rvi  $ thees  thres  beccv"' 
very  cioteiy, 

4niTT(B.-BJ 

€ (28) 


■i 


I 

i 

1 

i 

I 


I 


I 

j 

« 


i 


Tor  exaeple.  with*=l,  b=5,aod  * 2,  this  it  of  ths  order 

t 

0.CO25  »k;lch  is  certainly  negligible  with  respect  to  uxrity.  I 

X 

Th#s«  proxlMtlon>  4r«  in  the  follovtng  MCtion-  | 

• 

I 

B 

f 

1 

< 

< 

« 

i 

A 

a 


hdu,  gsat 


aik 


3«rio  of  th«  fern, 

ne 

^ ^ 'Xn  (29) 

in"| 

«r«  knoMD  M 3chl8ailch  •trios  and  art  dlscuaatd  in  cotail  in  Chaptor  ZU 
of  rnf ortBCt  (5).  If  in  (29)^x  «er«  roplk^fid  bj  an  lnaglnat7  arguawnt 
tho  strita  vsuld  bt  oot  of  nodifitd  Baastl  function*.  A typical  txaaplt 
fron  Ctiapttr  II  nould  l>«  tho  txprtsaioo  for  tbt  distrlbutad  capaeitar.et. 

This  ia. 


^ ifT€, 


Z>  ^ ; 


abort I 


(31) 


Tho  inflnito  ovioo  in  (30)  la  a Sehlfiadlch  sorloo  «id  It  will  bo 
oralustod  by  naklnn  uoo  of  tho  approKlnatlono  of  soctioo  A»3>  Tor  oufficiont* 
ly  larfo  valuoo  of  H>/r  , (30)  boconoo,  ualn^  thoao  approKiaotiona , 
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This  thst  Zi/c  is  sufficientlj  Isrge  to  asks  the  ttto  terns  of 

(30)  in  the  square  braces  very  close  to  unity.  It  is  the  failure  cf  this 
assuiption  at  saall  that  accounts  for  the  curves  of  Figure  U, 

The  infinite  sue  is  of  the  form, 


oe 


r«»( 


CChfT\X 

fTK 


(33) 


By  »akiag  use  of  fonula  603*2  cf  reference  (4),  this  can  be 
expressed  in  closed  fons  aS, 


V"  ^ ___  I Te  , frr  J 

/ — fn ^ 


and  equation  (32)  becosea, 


x = - 

Ctf  trr€, 


i 1^.1? 


26* 


(35) 


(36) 


Bjr  A similar  process,  the  infinite  series  of  Bessel  functions  which  sppesr 
in  the  inductance  forsula  c&n  also  be  expressed  in  closed  font.  This  closed 
form,  of  course,  applies  to  close  wowid  helices  as  defined  in  Figure  4* 


87 


Appendix  B 
TtjB.  Dlatrlbated 

As  hxs  slresi^  be«n  not.sa  ir.  Chaptsr  1,  ons  spprosch  to  ths  problsB 
of  rrslastiiTC  th«  chsrscteriatlc  inpsdsnce  of  a hslicskl  transmission  Ilns  is  to 
d«t«rslr.e  ths  distributad  oapacitsncs  and  inductancs  p«r  unit  Isngtb.  Those 
parameters  hare  Bsanin^  onljr  whsre  tha  waTelcnKih  is  sery  long  when  coeiparad 
Kith  aoj  of  ths  dimensions  oT  tha  halix.  For  tha  obora  raasoo^  and  bacausa  of 
the  simplicity  of  tha  dtrlTation,  tha  distributed  capacitance  is  daierEined  for 
tha  case  of  a uniform  potsctial  (with  respect  to  tisM  and  distance  along  the  line) 
between  the  helix  and  its  shaath.  Obrloualy,  this  corresponds  to  the  case  of 
Infinite  wevelangth.  In  the  «\suing  viork,  the  reciprocal  cf  the  capacitance  per 
unit  length  is  detemined  since  it  lends  itaelf  to  sore  conrenient  manipulation 
in  a later  chapter. 

B>1.  Ptflnitioni  iott  Coordinate 

In  the  dcrlTatioD  to  follow,  use  la  made  of  a circular  cylindrical 
coordinate  systma  as  ahom  In  Figure  38a,  A right  handed  helix  is  ahewn  in 
Figure  38bipon  which  era  shown  the  sipiificaut  dimensions  of  the  helix.  The 
helix  la  abown  full  where  it  is  in  front  of  the  core  upon  which  it  la  wound. 

Throughout  this  report,  the  rationalised  XXS  system  is  used,  and  the 
helix  i»  considered  to  be  Imersed  in  a medltsa  which  is  chametwrized  by  haring 
hoogeoeous,  isotropic  and  linear  properties  in  each  of  two  regions;  one  Inside 
the  radius  and  the  other  outside  the  radius  Bx  but  inside  the  radius  B2* 

At  the  ladlus  t2  there  is  a perfectly  conductir^  sheath.  The  msdiiss  in  idiich 
the  helix  is  Immersed  is  further  considered  to  be  loteless  end  to  hare  a 
psTxcabllity  equal  to  Uwt  of  free  apace. 

The  permittiTity  of  the  regian  Ri)t*  taken  to  be 

end  thst  af  the  region  (Bi  ^ I2)  is  taken  to  . 


Ir.  conformity  with 


I 

1 


?XGUE£  3d(b)t  VlJt£  HELIX  lAmilO  Oil  A DIELSmiC  HOD 

I 


[ 


t'T’ 

9*M 


I' 


Xh—9  th«««  ragioos  will  XMnceforth  b«  dMlgMtid  m regions  1 and 

2 reapaetlTclj’. 

&-2  SsseaMZ  €ss<a3A.^« 

In  order  to  detentee  the  capacitance  per  unit  length  of  a helical 
«dre  inside  a sheath,  it  Is  neeessazy  to  first  solve  Laplace's  equation  in 
the  coordinate  sjateM  uaad,  fit  the  solution  to  the  boundaiy  conditions,  and 
then  detemine  tlM  charge  per  unit  length  on  the  helical  conductor.  Knowing 
thia  ebarga  and  potactial  dlffarence  bKeean  the  helical  conductor  and  the 
aheath,  one  can  detendna  the  capacitance  per  uzilt  length. 

In  thia  caaa,  tha  boundary  conditiona  are,  that  the  sheath  la  at 
aero  potantial  ehile  tha  helical  conductor  is  at  aoae  potential  V^.  However, 
dlffieultlaa  are  iaaiedlatelj  sneountared  when  one  tries  to  repre&out  in 
ejrlindrioal  coordinatM  tha  aurfhea  of  a dreular  wire  wound  into  the  ehapa 
of  a balix.  It  is  at  thia  aurfaca  that  tha  potantial  is  to  be  kept  constant. 
It  is  not  of  such  help  to  uaa  a coordinate  systea  in  which  the  surface  of  the 
helical  conductor  is  daflnsd  tqr  fixing  one  coordinate,  since  as  shown  In 
rafsrmca  (10)  such  s/steMs  are  aithar  nooorthogonal  or  present  difficultiaa 
«hao  one  atteapta  to  aolva  Laplace' a eouation. 

This  dileaaa  is  t^-paasad  fay  solving  for  tha  potsntial  distrlbu^’ 
tioo  in  tha  caaa  «S)er»  a wire  of  infinitaaiaal  croaa  section  haa  a charge 
of  Q|  ooulcaba  par  aster  of  length.  This  is  a case  aaich  can  ba  solved 
exactly.  At  thia  point  rather  than  att«eq}ting  to  as|>loy  tha  artual 
surface  of  the  wire  as  an  equipotential  surface,  one  of  the  equipotantial 
surfacae  iStleh  a^roueds  the  line  charge  is  ueed  to  represent  the  surface 
of  the  «Are,  itaereas  the  actual  wire  will  Intersect  the  XZ*^lane  to 
fom  an  ellipee,  the  intersection  of  cne  of  the  equipotential  surfaces  Mith 


90 


th«  x2  pXatae  is  cot  w ellipse.  The  equipotcstlsl  snrfisce  chosen  to 
repr««<tJt  the  uirc  is  ssde  to  agros  s&th  the  wire  at  the  radius  /O  z 
as  sbotsi  in  Figure  39.  H can  be  shown  that  the  agreeosnt  between  the  true 
and  spproidaate  wlras  approaches  perfection  as  the  radius  of  the  wire 
approaches  aero.  Hence  the  solution  will  be  ralld  onlj  for  aatall  wire  radii. 

B.-3.  The  Solution  of  UpUce»e  t^XXm 

In  cylindrioal  coordinates,  Laplace's  equation  let 


^ bp 


where  f,  the  potential,  la  soae  function  of/>,  0 and  jf. 
Ueing  the  nethod  of  eefiaretloa  of  ▼arlsblee,  «*  get  for  7 


^ b^o 


V~  /i-^BLo^yO  y m»baeO 


(1) 


(2) 


(3) 


where  for  the  eeke  of  elaplicitj,  the  arbitrarj  consisota  bare  been 
OBltied  in  (2).  The  cocsianta  ai  and  b are  eeparation  oonsianta  of  which 
b ie  to  be  endoatad  later  froea  certain  propsrlies  of  the  helix.  Since 
the  potsatlal  is  s singls  reined  fUnetioB  of  tlw  angle  0 the  constant 
■ wwt  be  confinsd  to  real  Integral  walnee.  Th^re  la  a third  poeaible 
eol'otlao,  naaelj  b eqaal  to  aero  end  ■ not  sero.  This  caee  is  not  of 
Intereet  in  this  pirvbl«k,  as  will  bsoons  apparent  through  ewbeaquant  derelop* 
SMBts*  The  functicne  and  are  sndifiad  Baesvl  fonciisas  of  order  ■ 


iUIPOTENTIAl- 

SUXfACB 


WXHK 

SORTACK 


LINE  CHARQI 


39l  A COMPARISON  OF  VIRS  AND  EQUIPOTENTIAL  SURFACES 


FIGURE  AO: 


THE  MODIFIED  BESSEL  FUMCTIOHS  OF  THE  FlRaT 
AND  SECOND  kINDS 
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r 


«Sr^F^... 


t-  •■»  2trr-»JKrs«\fe'''-«'«nr.^,-»^"^:3tPSXSS3 


axsd  of  th*  first  autl  a««»d  itlnd#  respectively.  Although  soae  of  their 
properties  are  sentlored  in  Appendix  A,  note  should  be  taken  of  the  fact  th£t 
^he  function  has  » singular  point  at  inrinlty  while  the  functic":  has  a 
aingular  point  at  rero-  The  former  increases  aonotonlcally  to  Infinity  as  the 
arguoent  approaches  infinity,  whereas  the  latter  increases  oonotonictdly  to 
infinity  as  the  argucent  decreases  from  infinity  to  zero.  Repres«'.tatlve 
heharior  is  sketched  in  Figure  AO. 

The  first  case(s  = b = 0)is  soe  which  corresponds  to  the  case  of 

the  potential  difference  between  two  coaxial  conducting  cylinders.  Since  this 

case  has  been  treated  by  practically  every  elementary  textbook  on  electrostatic 

fields,  it  will  not  be  treated  in  detail  here.  Taking  the  sheath  cylinder  as 

ot 

being  at  aero  potential  ard  the  potRitial  of  the  cyliiidergR]^  as  being  at  some 
potential  Vp,  the  potentials  In  regions  1 and  2 ars, 


U) 


(5) 


whers  is  ths  potential  in  region  1 when  the  potential  Is  unifcrs  ever 
the  cylinder  at  radius  R].,  and  V20  is  the  potential  in  region  ^ as  a result 
of  a unlfora  potential  at  The  charge  density  at  the  surface  ^ ~ 
is  of  interest  and  la  given  by. 


(6) 
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«L«r«  Qq  is  th«  amrf^cm  cturg*  dacalty  at  ««  n r*&ult  of  a uniform  potential 
dlffaracca  bai»Mn  tha  ahaatb  and  tha  cylindar  at  H^.  Upon  aubatltutliig  (4) 
and  (5)  into  (6)  th«ra  raaulta 


(7) 


Tbla  ean  ba  aolvad  for  and  upon  aubatltuting  into  (4)  and  (5)  tha 


axpraisiona  for  tha  potantialara  obtainad  for  tha  casa  of  a unlfona  charga 
diatribution  on  tha  lunar  exlltxlar. 

Vto~  ^ Log«-^  <») 

low  in  tha  aora  ganaral  caaa  whara  n ^ 0 and  h # C tha  pot«aitial 
ean  ba  wrlttan 

Via,  • I,a(y)]<^(bB-»^^/  (iO) 

Vtm  **•  5am 


^ara  and  T^,  ora  tha  potantlala  la  ragiona  1 and  2 raapactlval/  aaeh 
baiag  of  apaca  ba«aMnic  ordar  »• 


In  r<^on  1 t^,a  origin  of  is  includod,  honce  the  Tjaction 

■u3t  be  mitted  frost  the  fcm  of  the  poteatiai  f'Xiction  in  this  region.  In 

regioo  2,  both  ) end  the  functions  aej  be  present.  The  constants 

^ dctemincd  by  the  boundary  conditions.  The  reason 

for  conblning  the  ^ and  0 earlationB  i.^to  a single  function  is  as  rMInva 

If  an  obserrer  were  to  aeke  observations  of  the  potential  at  sons  fixed  radius 

and  at  the  seas  tine  confine  hineelf  to  the  helieoidal  surfece  defined  by 
A 

( ^ ~ r* ) e<]uals  a constant,  be  would  detect  no  change  In  potential.  In 
other  words,  on  this  path  be  could  not  detect  any  change  in  hia  orimtation 
with  respect  to  the  helix.  By  fixing  the  aeparetion  constant  b at 


b« 


Sim 


V 


(12) 


this  property  of  the  helix  will  be  eabodied  in  (10)  and  (11).  The  choice  of 
e cosine  veristion  nerely  orients  the  helix  so  that  it  passes  through  the  xy 
plane  at  the  angle  (p  * 0.  No  generality  is  lost  by  so  doing. 

At  this  point  two  botmdary  conditions  will  be  introduced,  naaely, 


that  the  potential  aust  be  continuous  through  any  boundary  and  that  the 
KOlential  of  the  sheath  is  zero.  Expressed  analytically,  these  becooe 


13 
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TImw«  coodltioos  'An  appliad  to  (10)  and  (11)  ;l&Ld 


A?iillws(l>  Ra)  + ^ O 

froa  Aich^ 

A _ ..  E.{bR)  Ka(bg.)  .. 


li»(bRi) 

K«(WJ 


# 

vbart  Um  eonatant  baa  baan  introduced  as  a aattar  of  conTanianea. 
tba  potaotlal  functions  In  regions  1 and  2 becoaie 


Equation  (6)  can  nov  be  uaa<l  to  deteraine  the  surface  ebarge 
denalt/  tdtb^  of  0Gt7>ie,  subscript  0 replaced  seerTUbere  by  s.  By 


(15) 

(16) 

(17) 

(1«) 

(19) 
Thus 

(20) 
(21) 
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eMTTjisif  out  tn«  operations  izidlr«tad  ic  (6)  usis^  (20)  and  (21)  tharo 
r*?«ll5  for  ^ p 


«h«r«  th«  prla««  on  th«  Z^  and  fxmctiooa  denote  differentiation  with 
respect  to  the  arguaent  ( h/i  ),  This  can  be  written  in  the  fora  , 


(23) 


idsere^ 


<2«-“  f^ub?)  jlr  •^(Ir  ”^) 


/i  n\T‘  A »\L/' 


(26) 


The  cfuatxtitji  ie  the  narleiM  eelue  of  the  surface  charge  densi^  haring 

beneoais  variation  of  order  ■ in  both  the  t and  0 direetiooM. 

* 

froa  (26)  the  qaaatity  can  be  determined  in  terms  of  and 

e 

bf  eubfltitatiag  Uiie  vaLoe  of  A^  into  (20)  and  (2l)  the  potential  in  teras 
of  the  ewface  charge  densltj  at  la  deterained.  This  procedure  yields, 


Aa  will  now  b«  aho«D,  ib«  ch&rga  oo  an  lnTinitMlJuO.Xj  thin  htUcol 
idr«  e«Q  bo  ropraoontod  4s  o Fourlor  aorloo  ot  toms  of  tho  fom  of  oqustloc 
(23).  this  fact  will  pamit  or  cvsluation  of  tho  in  toms  of  tbo  linosr 
ehorjo  donsity  on  s "thin  wiro"  holix  cr.d  load  to  a aubsoquont  evaluation 
of  tho  potontial  duo  to  ouch  a lino  cbargo. 

Plguro  41  shows  a helix  idiich  conaiits  of  an  infinitesifsally  thin 
taps  of  iddth  2a,  Boasurod  psn>ondicular  to  tho  edge  of  tho  tapo.  If  this  holix 
voro  silt  by  tho  jrs  piano  at  integral  value e of  the  pitch  T , and  than 
devolopod  in  tha  plana  ^aa  , tho  dovelcped  helix  Mould  appear  as  show 
in  Figure  42.  Lot  tnio  helical  tapo  bo  charged  uniforaly  with  a linear 
charge  dacsity  in  tha  helix  direction  of  Coulonba  per  siatar.  Thw,  i?inco 
tha  tapo  is  2a  aaters  aids,  tho  aurfoco  cbargo  danoity  at  tha  tapa  ia  Qi/2a 
CouloBbs  per  squara  Mtar.  This  is  shown  is  Figure  43*  It  will  bo  noted  that 
at  any  given  angle  0 , the  surface  charge  daosily  is  a poriedlc  function 

of  ch«  axial  distanoo  ana  at  any  given  d tha  surfaco  charge  density  is 
a periodic  function  of  , tba  periods  baxng  2T  snd  Jiff  respoctivaly.  At 


ri* 


«<•*•  . ..  • ““ — « 


^ •qoal  to  s«ro,  th«  Fourier  •erie«  for  th«  efaorgo  denaity  runctioo  ehown 
ir  Figure  43  i*. 


+^/)„to4bZ 


vh«r«< 


- 


The  tape  beliz  bsocses  a "thi&  «dre*  helix  if  the  eluth  Jt.  is  alleged  to 
approach  tero.  It  Mill  still  hare  a linear  charge  densHy  of  Qj|  Couloaibs 
per  »eter«  AUoviiig  j.  to  approach  aero,  the  surface  charge  density  at 
becoMa  In  general 


:j^[l+2^cos(bz-n^#») 


The  ^ eariatioa  has  been  introduced  in  this  aaTtner  since  the  surface 
charge  density  function  would  be  shifted  in  the  poaitlTe  j?-  direction  by 
a diatxr.ee  for  eny  general  angle  ^ , Hence  in  {27) t idiich  la  the 

eerias  for  the  charge  density  p * 0,  nay  be  replaced  by  (2  ). 

* ■ 

?>nia  It  is  seon  tnat  the  charge  on  a thin  Mira  helix  cmt  be  represented  by 
e tero  siiular  to  Uist  oC  e<h«ation  (?)  plus  an  infinite  sun  of  tern  ninilar 
to  the  tirn  given  by  elation  (23)« 


^tr.ewa 
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•*  CAD  writ*, 

If  tb<M«  t.rt  tubstltut«d  into  (8)  And  (9)*  Md  into  (25)  (26)  rotpaetlToljr; 

«nd  suBKOd  for  All  th«  pot«ntlAl  about  a charged  hallcal  line  in  a coaxial 
•heath  la  found,  the  reeult  being. 


Theee  equatiooa  were  aaed  to  prepare  Fifure  kk  ehicb  show  the  e<pilpotentlal 
llnea  in  the  j%  plane  for  a helix  having  the  dijMnalan*  thawn  In  Table  6. 
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I 

6 < 
St  5ato  geg^  is  SAc«^  8<g4iyrt,y^U*l  yag? 

1 

^-2.0 

^ «=45® 

^1*^2 

The  nuab«r«  show  on  ooch  curte  gie*  ib«  reLttir*  potential. 

Th«««  curres  «r«r«  prepared  bgr  calculating  the  potential  along  the  linea 
2*  - 0 and  , both  at  0 - 0.  These  celculstluia  establiahed 

feur  points  on  each  curve,  the  reaainder  of  the  curve  being  sketched  in. 

It  should  bo  noted  that  thoee  e<}aipotential  linos  are  quite  close  to  the 
•thin  sdre",  the  potential  • 5 curve  being  at  nost  orOjr  6.23J  of  auay 
trem  the  wire.  An  ellipse  honog  a na^or  to  ninor  axis  ratio  of  is  also 
shown,  ite  najor  axis  being  the  swse  as  that  of  Uie  potential  ■ 5 cu2~7s. 

In  opito  of  the  fact  that  the  helical  wire  is  carved  end  is  in 
the  vlelnitj  of  othor  charge  carrjrlng  conductors,  the  potential  distribution 
close  to  the  wire  will  be  vesy  eloee  to  thst  for  a otraight  conductor 
cartying  dtarge.  Ae  the  distance  between  so  observer  and  the  helical  line 
beocMse  very  eeall,  the  radius  of  curvature  of  the  line  becooee  large 
compared  with  this  distance  and  the  wire  appeers  to  be  essantlallf  straight. 

The  eqoipotsntial  aurfacea  surrounding  a straight  sire  are  right  circular 
^lisxlera.  These  cylinders  would  fosvi  elliptical  squipotsntial  lines,  if 
they  intersected  a pl^s  st  scs*  angle  ^ frcsi  the  perpendicular.  In 
particular,  if  the  angle  ^ v 45^  these  ellipses  would  have  a aajor  to 
ninor  axis  ratio  of /T.  It  should  be  tscpected,  therefers,  thst  (32)  end 


yieidl  lines  shich  are  very  close  to  eHi^asei  as  we 

approach  tl^.e  wire.  This  fact,  is  bcme  cat  tii  Flrore  44. 

The  presence  of  dielectric  nateriai  in  region  1 does  not  alter  the 

above  statecents  since  the  ecaipotential  surfaces  surrxRmding  a thin  line  of 

charge,  the  line  being  placed  at  the  plane  boundary  between  two  differ«it 

dielectric  liedia.are  still  circular  cylinders  coaxial  with  the  line. 

that 

The  problem  now  is  to  choosej^aRe  of  the  equipoteRtial  eurfaces  given 
by  02)  and  (33)^  Which  will  most  nearly  apprexissate  a wire  of  given  radius. 

If  only  very^  saall  wire  radii  are  considered, -it  seems  reasonable  to  chooev 
as  the  epuipotmtiai  surface  to  represent  a given  wire*- "that  surface-sdrf^ 
intersects  the  cylinder  /O  * along  the  same  line  as  doea  the  actual  wli'e, 
The  actual  wire  intersects  the  cylinder  along  J,  he  lines 


S 

“ GO^S  p 


(k) 


where  f*  is  the  wire  radius.  If  this  Is  substituted  into  either  (32) 
cr  (33)  »t  the  iwtential  of  this  surface  is  found  to  be 
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th<  poler.ti&i  (25)  li Tided  ^7  Q ^ »d.ll  glv*f  the  reciprocal  of  the  distribut.ed 
capacitance  in  f-irada  per  jseter.  Thus, 


oo 


\ 


/ > 


L 

nr,  1 V 


J 


—i^ 

^^ifbfgiubRjiCC^)  I 


(36) 


A speci'vl  case  of  this  would  be  where  , resulting  in  the  denosainator 

under  the  s'jrjatt^ion  sign  - econiing  unity.  Hence  for  & helix  iasmersed  in  a 
»ediuffi  of  uriforns  permittivity. 


m»  1 


i 


<37) 


There  are  two  pointe  about  the  a.c>vvo  expression  wtiictj  nust  b* 
mentioned.  The  first  of  these  is  that  if  the  the  pitch  V is  such  that  it 
i«  c<ssparable  to  the  wire  diameter,  the  cqulpotentials  <Je  not  closely 
approxisMite  ellipses;  they  appear  more  foofoali  shaped,  as  sketched  In 
Flgtare  u5.  If  we  still  Ci>r.fine  ourselves  to  small  wire  radii,  as  compared 
to  then  the  helix  in  wdlch  the  wires  ere  close  together  is  one  wtiich 

might  be  designated  as  a clc«e  wcuthI  helix.  Fo’~  such  a helix,  the  term  under 
the  sxaEsatiasi  sign  Xi.  (36)  becoRes  negligible  with  respect  to  the  first  tens 
in  the  brackets.  Since  this  first  tens,  is  independent  of  the  shape  of  the 
wire.  It  say  be  ccpc|>»ied  that  for  close  wo.ayi  sms'll  wire  helices,  the 
distributed  cApacliarsce  is  practically  Independefit  of  the  wire  shape*  As 


exaaple  of  trAs  f-ct,  three  c^^pscitances  are  presented  below  in  Table  7.  The 
fli-st  of.  these  is  for  a tape  helix  in  -smich  the  tape  wio,th  is  55?  of  the  radius 
and  the  pitch  is  such  that  the  turns  butt  against  each  other.  Tne  second 
helix  is  a wire  helix  with  wire  diaaeter  5%  of  R]^  and  wo*and  vdth  the  sac. e 
pilch  as  the  tape  helix.  Its  CTipacitance  is  caicuiated  frons  (37).  The  third 
helix  is  wound  with  souare  wire  navir.g  a cross  section  of  0.05R2^  x 0.05itx  and 
wound  with  the  same  pitch  at  the  first  two.  All  three  of  these  helices  are 
butt  helices  in  that  their  turns  touch  each  other.  In  al 1 three  cases,  the 
■h^th  is  taken  at  a distance  Trom  the  axis  of  the  helix.  These  are  illus- 
trated in  Figure  4o.  It  i.3  OI3\TXOm3  X^t  at  the  capo oit Alice  to  the  sheath  of  the 
round  wii*e  helix  should  be  soeevhere  between  that  for  the  tape  helix  and  that 
for  the  square  wire  helix.  Equation  (3?)  used  for  the  round  wire  helix  does 
fftr*  euch  a capacitance.  Whereas  it  aij^t  not  be  the  exact  capacitance,  it 
-^ertaibljf  caru'-ot  be  in  error  by  sore  than  2.^,  and  is  probably  in  error  by 
such  less  than 

Table  7 


Capacitances  of  Three  ydlcee  ilaTina 
Different  Wire  Crose  Seetione 


Tape  Helix  * lOOi  Capacitance  per  vmit  l«igth 

Bound  Wire  Helix • • lOljt  ■ » • i» 

oquare  wire  Helix  103. " m m m 


FIGURE  /^5:  THE  FIELD  IIJ  THE  VlClHlTT  OF  CLOSELY  SPACED 
LIKE  CHARGES 
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s«C4^  soiEt  Is^ -that  it  ts  ijsplicit_I&  th^e  deft  that  the 

g^sgg.  «dre  ofsK^ch  the  helix  ia  wmass  is  s«ti-ijabedueQ  oh  the  dielectric 
siaterisi'is  region  1.  7nis  is  so  hecause  the  as3TjKpti~T2  >555  ssde  that  the 

of 

-dielectric  asaterisi  i*§£ion  1 extends  catr  tc  a radius  S^,  which  radius  is 
also  the  rstfJl-os  O’Jt  tc  the  tenter  of  the  round  wire.  Such  a h^lix  could  be 
built  bj  cixttlng^iAttt  *n  appropriatelr  shap«i  tool,  a helical  thread  into  the 
surface  of  the  dielectric  rod.  Into  this  thread  the  round  wire  could  be^laid, 
the  depth  of  the  cut  being  such  as  to  leaye  half  t««  w3  re  exposed  and  half  of 
it  buried  Inji^  dieiectric  >aaterial.  Kowver,  in  a practical  case^  it  Jioula- 
be  stapler  to  wind  the  helix  of-rtjuad  wire  upon  the  surface  of  a sirooth 
dielectric- If  Ri  ilrlraken  as  the  distance  fro®  the  axis  of  the  helix 
tp-tiie  center  of  the  round  xirc,  then  the  dieiectjrlc  material  idil  not. 

re^tpRHlv=^~lt'  ^ have  * hlameter  lees  thsautt'  the  requisite 
dliawtariff jy  efifastdiarti  «cnoel  to  the  diasseter  wire..— The  error  latwdsced 

hy  wuld  n^ot  Jae^erious  sinM^ihls  analgia  i» 

limited  to  ft  re  dieBeCire'SiiTch'iiNt^^^m^  saallar  than  Furthermore,  th4ft 

effect 'of  the  dielectric irod  is  a»ll  since_ia  any  helix  of  reasonable 
C ^ practically  at  & upif one  potential.  Being  at. almost 

caBjKijiit~potenttft  mi*h#  that-eeiy^  ftectrostatlc  energy  is  stored  in" 

region  i as  compared  ftth  regia?  2.  For  this  roM^,  the  presence  of  - 
Helectrlc  *fcterl«l  is  reglcn  i ha*  rary  little  effect  0*1  close  »enaid  helices.. 
■k  study  of  Figures  6 to  17  ft  11  bear  this  otst, 

^^trdxi&ate  ]&i3?residv3p  for  Close  fcvnd  helices 

tiwe  infinite  series  t&  (J?)  is  ciiscuased  briefly  in  .4ppc¥siix  A.  In 
ippwdlx  A,  .it  is  showT?  chtt^th*  tern  in  the  semare  biceket  isssedtately  eft«r 
the  suKaettec  xifc-  in  O?)  is  different  froa;\m±ty  1^  a'negtigtbly.  »sil-:?faiue 
fijr -ir«Iues  of  ( ■ 1 .which  are  siifiicieiitlT  large;  Ai^rcliOwc}  In  Appendix 

k is  ths-t  -In  {l^if  is  fl'^en  to-  satisfactcry  Acrura.ry  by,~ 
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i'tP,}  Kb. 


1 


(38) 


= ^er.otes  “is  a pproxi!ri-\t.eiy  equal  to".  By  niaking  use  of  (12),  this 
can  be  «ri»ter. 


(39) 


or. 


r,«(bR.)l<^(bR,)S 


2 m 


(40) 


Ther^ore,  Tor^C  sufficiently  »«11,  (37)  becoaee 


(a) 


The  Infiisite  s-as  in  this  eicppeeeior.  can  be  enprested  in  closed  fora  aa. 


no 


cos  mx 
m 


r 


r r \ r~  . / X * i 


k I 

-I] 


Substitutinf  this  ir.td  C^l), 


(U2) 


4 

1 

c 


fe 


^ 2T 

w 


(43) 


The  capacitance  C in  (43)  is  the  capac.itance  per  aeter  in  the  helix  direction. 
If  we  let  Cj,  denote  the  capacitance  per  aeter  in  the  axial  direction,  (43) 
beccases, 

-1 

( 

If  now,  the  helix  Is  WGur»d  so  tuat  V ^ 2f  and  f is  allowed  to  approach 
aiMco,^-the^  Jtelix  d^eneratee  into  a criindrical  sheet  at  a radius  of  fror! 
the  axis.  The  angle  teccBses  zero  and  (44)  bec<aaes. 


Cf  2fTt,  ^ 


(45) 


t^lch  is  as  the  ciipacitance  per  saeter  between  two  cocxIaI 

«^lind«rs  of  length. 

The  ffiS-re  general  c**»'  iji  which  there  is  dielectric  S;stsri^  inoide 


m 


U^e_r*iflix  raoiisig  can  be  tresc^d  In  a si_aij;ar  ??anr.eri  In 
apprisaches  a csststbut,  vaiue,  imependent  of  the  index  cf 


;.he  d cj^ixsatcr 


. f R.  \ 

a j aS  V J 


fcec'xces  3ufficiectiy  large.  Thus, 


r 

I 


Uiwit  < 

i 


■V 


I,I(faR;<»{bg,) 


6.  € 
zdT 


i. 


(46) 


Therefore,  for  very  large  )>  (36)  becomes 


®”5  Apt>roxij5&te  ^gweeglon  for  Coarss  H^^ices 

This  section  -alii  Jeiil  Kith  the  capacitanc«  per  unit  length  for 
the  ease  of  very  large  pitch.  This  type  cf  helix,  hhieh  will  be  referred  to 
as  a coarse  helix,  Will  degenerate  into  a parallel  wira  transaission  line 
in  *<iich  the  carter  cond’^ctor  is  displaced  froc  the  axis  by  a distaroe  R]^. 
This  line  will  hare  dielectric  a*aterial  inside  the  radius  R^. 

The  llstit  of  06/  «3  the  pitch  'C  is  allowed  d- r* A ILxi) ^ 

mill  b«  fo^jTed  fcir  ^ht^tning  %^cfi  of  -the  p^rte  of  (36J  separately. 
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(19) 


.^n.„r  i 


dA  L 


, f w r 1 


/ rr,r  ^ 


(50) 


Limit 

I'-M-e 


1-(- 

4»  V 


P fT. 

R,  \ I 

^ 1 


(51) 


L'.m.a  [(bP.)IJ,bR;)}<Ll>(b«,) 


= -.1- 

^ 


(52) 


■*b4»n  these  ar»*  ■^  ibsti * uted  ir.to  (36)  . t.he  rar*''1.tar.ce  fcr  infirito 
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1 — W — 1 — ) I -^-  ■ 

Q ifrfi  j -^*K, 
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I 
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ll-(-g^) 


'r-'f  f^‘'’  , 


'■/  .V'?'  !i'- 


Z' 


(53) 


xtss  ff.>r  v.=^^  enuAtlon  i. 5'>  i>« 


coae« : 
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Ti-ils  can  be  expressed  in  cl&sed  f<a*iE  fcy  saking-ase  vf  foraula  h18,  pege  85 
of  referenrii  (k).  Upon  -loing  trds  and  recognizing  that  ( V^R,  ) is  very 
saall« 


il!+ 


Appendix  C 

The  Distributed  Ind-tac tares 


As  n-13  already  teer  noted  in  Cnaptcr  I,  one  approach  to  the  problem 
•valoaMr,f_  tn*  or.arac*. eristic  LTspedance  of  a helical  transmission  line  is 
to  detci'mine  the  dl3tribut,a<l  capacitance  and  inductance  per  urdt  length.  These 
p&raaieters  L and  C are  those  corr-esronding  to  inflrdte  wave  length  or  static 
excitation  of  the  line.  In  practice,  the  impet.ince  deterained  from  L and  C 
is  30  long  as  the  wavelength  is  nuch  greater  than  the  significant 

dioHsnalons  of  the  neiic.*!  transmission  line.  A cocplete  solution  of  the  problem 
involves  a solutiOTS  of  the  wave  equation.  This  is  attaopted  in  Appendix  D,  but 
at  thi*  point,  the  inducta.nce  will  be  determined  for  infinite  wavelaigtb. 


C-i  The  Effect  of  the  Sheath 

In  an  in finit eljr  long  coaxial  transalesloo  line  with  a iiellctl  inner 
-#oi^vK;tor_  which  ls_carr7lng  «' current- frequeris^  f,  there  will  be  In-- 
duced  or.  the  sheath,  current  and  ^arge  distributions  of  such  a nature  as  to 
greatljr  reduce  the  fields  outside  thti  sheath.  The  extent  to  which  the  sheath 
succeadS -in  .shielding  the  inr.*r  conductor  depetws  upon  the  frequwncy  f and 
the  sheath  coj?ductirity  . rnese  det ermine  the  depth  or  penetration  of 
the  electric  and  siagnetic  fields  into  the  sheath.  The  fieldedecay  exponent- 
ially as  a f’.aiction  of  the  distance  Into  the  saterlal  of  the  shesth.  For 
Ibis  rtessiSTi,  a skin  depth  is  defined  as  that  depth  at  the  field  is  1/^ 

of  the  field  at  the  surface  of  tne  sheath,  if  the  ;iheath  thickness  is  s&y 
less  than  fo  .r  times  the  skin  depth,  there  say  be  approciable  Tielda  outside 
sneatr, . The  skin  deptr.  is  gi»«n.  by^ 


tr.  c 
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(1) 


wftens  6 is  tne  skin  depth,  tO  is  the  angular  frequencj  2TTt  , /U.  is  the 

persteabiilty  of  the  atetiiiss  and  is  the  conauctirlty.  For  copper  this 
becosas, 


s 


6.6Z- 


cm. 


(2) 


The  tblXdidjE^  tehle  shews  the  behSTlbr  o£  slda  depth  in  cc^er  a8.ji  function 
of  frequeegr^ 

Table  8 

$kih  gepth  Copper  For  Diffwreot  Frequmclee 


Frequency  Skin  Depth 

cxeles/sec.  or,. 


100  0.662 

10**  0.0662^ 

10®  0.0066 


Since  tl-fe  t-ransss53lCf?  iXnwi-  considered  in  this  report  will  be 
bpemted  in  the  aegacycle  ran^e,  the  ae?!jKptloo  wiil  be  made  in  the 
derirstioR  that  tne  skin  dep^.  Is  zero.  Froe  (i),  it  will  te  noticed  thfAV 
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t,he  3icifi  ie;„th  is  zero  ior  all  frecuencies  greater 
ductiTltT  is  assuaed  to  be  infinite.  At  zero  freq 
fvr  infinite  ccr;  i jc  ti  ri  tv  is  not  defined.  However, 
te  sstje  as  close  to  zero  as  desired  and  stiii  heve 
be  ass’aaed  that  at  zero  frectieccy  the  skin  depth  is 


luency,  the  skin  depth 
since,  the  frecuer;cy  can 
zero  skin  depth,  it  will 
still  zero  for  infinite 


corjauctivity.  Based,  upon  this  assuirpti on  the  inductance  will  be  calculated 


with  direct  current  flowing  in  the  inner  conductor  and  witn  the  shield 
currents  of  such  a riStore  as  to  reduce  the  aa^p'^etic  field  outside  the  sheath 
to  z>sro.  In  addition  the  current  in  the  neiical  wire  will  be  confined  to 
the  surface  of  the  wire.  Therefore,  the  internal  inductance  will  be  zero 
and  the  only  inductance  of  interest  will  be  that  d-^ie  to  the  external  :iux. 

C-2  Sefiniticms  and  Coordinate  Systems 

in  the  derivaticn  to  foH.cw^-i*3e  is' made  of  a circular  cylindrical 
coordinate  sjetea  as  shown  ln^ri^nare-3?.  A right  handed  helix  Is  shown  in _ 
Plgore  upon  which  are  shoiei  the  significant'  diaersions  of  the  helix. 

Tnro'ighout  this  report  the  rationalised  KKS  system  of  units  is  used. 
The  rseHx  is  considered  to  ^ iataereed  in  a sadlun  wiich  is  characterized  by 
having  homogeneous, is tot ropic, linear  properties  in  each  of  three  region;. 

O-.e  of  th«8«  regions,  region  1 is  Inslae  cne  radius  Another  region  which 

is  designated  as  region  2 is  outside  the  radiuia^i  but  Inside  the  radius  R^- 
A third  region,  region  J-is  Outside  the  ra-itus  Rj.  All  of  these  regions  are 
c-nsl, dered  to  rsave  pereeatlllty  egoal  to  that  of  free  space. 

^“3  Boundary-Renditions 


The  e i?.  best  arrived  at  ijy 'ieteminlrsf  the  vector 

yrg-tencial  of  the  el'ectrlc,  c\irrml-.  rS’wlli  be  In  a later  section,  the 

inductance  c-oi  ce  expressed  directly  in  'eras  of  this  vector  potential.  The 


il7 


Te-c.tr^r  is  a*si£T->"  ac._A  of  di 

eqiiationa  which  ar»r  presented  ir.  sectico  C<-t,  a.*; 3 In  a,d-diiion  it  must  eati^ify 
certalr,  bo.j-.dtr;,’'  conditions.  Tr.ese  are,  tr*aO  the  naf^'.eti c fi-tld  ootaide  the 
sheath  c-e  terc  and  that  the  aarfa-ce  at  the  ruuni  wire  be  t surf.ac*  of  C'Onslar.t 
■nectar  ptteaLial.  This  l.itter  req'-dretient  is  «pcroxiaiate,' in  that  it  is  based 
up<>R  the  fact  that  i,ne  surface  of  an  infinitely  long  round  wire  car i~jtir.g  direct 
OP  alt err»tir.f:  current  is  an  e'’ul-veetoripotential  surface.  This  recxuireaierLt 
restricts  the  following  analysis  to  those  wires  where  the  wire  rcidius  is  snail 
co«par«d  to  the  radius  of  curvature  of  the  wire. 

aS  in  the  case  of  the  capacitance,  the  vector  potential^f  current 
be  fctind  for  the  case  of  an  inlinitesiaally  thin  wire  carrying  a direct 
curh«nt,-.i.  aaneras.  - In_the -iarr.ediste  vicinity. oT  this  infiniteslfflaily  thin 
the  equliyecton-^teotial  surfaces  are  very  .nei^irly  oir^idAt. cylinder s- 


sttrth3t£s^.g  the_^^  lin«r_  One  of.^hesc -s,urfae«a  is  taken -as  the  surface 

of  the  wire.' As  a res\iit,  the  Inductarxe  la  evaluated  “for  a wire  thstJLs.  not 
quttir”rburi4,-  but  very  close  to  rouna.— - ; 

' The  Solution  of  t he  Curl'Ciirl  Eguation  and  the  Sati  sfying  .of  Certain 
Sl  the  Bo^aadary  Xon  di  il bn  a - ~ . 

In  a ^gicr.  In  whlch-thervis  no  current  flowing,  the  rector 
potential  of  electric  current  oust  satisfy  (3)  T*nd  id)  for  a static  field. 
ThI*  is  cocpietely  discussed  In  reference-  iii , Chapter  IV 
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r- 

— -y 


(3) 


'\7-  A 


(4) 


rfhere  A la  a ‘/^isctor  o,;cn 


7 * A = H the  aiagr.etic  field  intensity 


(5) 


Kqua,ti<ai3  (3)  and  (i)  >4ven  written  in  cylindrical  coordinates  are, 


(6) 


1.  ^2* 


d A/  1 Aj^  . « 


dp' 


o'Ap 


— J_  = 

jk 


0 


(?) 


it*X  ^ rj  (a) 

'-  —*2  P or  d^‘  P r l^  P6061  ■ 


r # f-e  ' 


L 


.■'..C 


Ayo 


1 

/^ 


-Tf 


=. 

oS 


^9) 


il9 


A,.  , k ^ 


n-3  are  tne  /o  ^ 0 and  * coaponents  of  tft'e  rector 

potential  respectively.  These  are  «£cit  scalar  functions  of  the  cocrdir^tes  - 
t ^ z . Sc-iations  (10),  vl-l)  .and  (12)  which  fcilow  are  obtained 

by  the  followir^  processes:  Equation  (b)  is  stibtractsd  froE  the  derivative 

irfith  respect  to  /C  of  equation  (9)  to  yield  (10).  Equation  (?)  is  subtracted 
from  ~ S.9)  to  yield  (il).  Equation  {3)  is  subtrscted  fron 


to  yield  (12). 


-1- 

P o/t. 


^ f 


“A. 


A*-  <)0^  ^ 


c)0 


(10) 


A 


- i ■ (h 

^ d-  ^ 


0 0^  d 


(11) 


ki/>' 


r Cr 


( >^A- 


d5^ 


=.  o 


^,12) 


Thus  t.t.e  Aj  nan  teen  -sap-arated  irox  the  ether  two  .'‘unctions,  A .*  and  h .0 
T.his-  runcti.cn  caji  te  fouT.d  by  the  usual  xethod  ol  separating  variables. 
'lh«  iur.ction^^^ and  A ^ are  presTWjt  in  a pair  of^sTaiOitaireous'’ seco^ 
^?^er  pa.rtiAi  dlfferentilil  ecuitionsr  By-proper  dirr*rentl3ti0fi8  and  " 
additions.  It  •wouid^  be  possible  to  eliai/iate  on#  of  these  fteiction-s  feetsfiHH*; 

^ a fourt.ft  order  parti fterentlal  the" 

r«5U'iinin£  i'i:5ctinn_,  Thi*  p'-rreiw^^  l<Mide  to  ar.  equation  j^dch  is  .very..- 
dirricult  to  soive.  4-s'j  r^t.h#r^-jr«_.res-.lts  in  solute, -cr.3  w.'iicr.  a.re  far-ssore 
geherstl  than  ure  r.eMed  i?._-this  r!robIes..,_  -Far  the  newl-s  af  thds  probiem. 


(10)  Sri'*,  (lij  car.  solve!  r,ore  alspl-  oy  n«.k±r-r  jss  .cf  Ihe  p?rio<iic  7>ature 

sf  c,?ve  fe»llx  :»r^  its  fieLis.  An  observer  pltcei  at  a ccr.stant  radius  frcsE 
the  t axis  will  jobserve  no  change  in  the  rcii^r'.etic  field  if  he  is  ccr.iirred 


the  «urf5ce  cf  a heliooid  defined  by  ( ^ ~ 


J^fT 


) - constant.  This 


aeans  that  the  ^ and  z variations  of  the  vector  p-ot«itiai  aViSt  appear  -.s 

~ £ IT 

(or  be  capable  of  assuadng  the  fcm  of)  s f’inetion  of  ( ~cp— ^ ^ ). 

Furtheraore,  an  observer  at  constant  radius  moving  Lv a plane  defined  by 

0 - constant,  vill  detect  a periodic  variation  of  the  field  >dth  period  ZT 

In  the  plane  z = constant  he  %dll,  at  constant  radius,  observe  a periodic 

variaticrrln  the  fieiu  with  period  2 TT  . The  periodic  variatlona  ar«_not 

necessarily  sinus oidal, Surest ing  the  possibility  of  Representing  the  field 

as  a Fourier  series  In  both  the  (S  and  z directions. 

Hence,  let 


(13), 


be  the  fom  of  the  ,4>  cosspor.ent  of- vector  potential  having 'haj’aonic  order 
».  _ In  this  expression  is  s function  of  c>  alone-  and  b - • 

The  choice  of-4he  sine  function  ales;?™ sorely  orients  the  helix  hdth  respecti 
tc  the  coordinate  syster.  so  frat  It  i;  at  t - 0 ahen  0=0,  Ko 
generality  is  lost  by  so  doing.  An  exacdnatlon  of  (lO)  or  (11)  Mill  reveal 
Phat  if  A a varies  as  of  the  argunent,  the  vrill  have  to 

vary  ss  ph*!  CiiciLr.e  _c.r  me  e-rgumwi.  Thus, 


^ ^ ect  ( til  - 25; 


(U) 


i 

I 


■ti'fr*  n jjr  is  .tr. s ;2  cac;por.«;t  of  the  v.rctcr 


- o t er.  t i a j.  v%n  s;  h a nnoni  c - 


order  s.  In  this  e^oression  is  i function  of  /O  alone.  If  (13)  and 

tli. ; are  S'«ts“.it  ut  ed  into  vlO)  ;ini  (ily,  they  bee  ore?. 


i_  <i 

■p  as 


^ / i 'V^  ~ 


1 a ‘i^fk  ■ [?''  — ■■■2m  i. 

jd^«  F 3?  ~ ■"  j 


If  these  are  both  added  and  a^uttracted  free:  each  other,^.tbere  results 


mV2.me-l  \1 


)j(^fr»  ^ Riimj 


These  eouAtions  are  recognlz^Me  as  the' Besiil  equati 5^3  cf  dr<t37^'(trTF~l) 
and  (ffi  - 1)  respectively  w*iieh  lead  co  solutiens  which  are  the  sp^calied 

•ooilifiec!  Bessel  f unct^ns .-  7he_  solutions  of  (17)  and  (16)  are 


i^ie  * 2 Bfn  Kfrif,  (Cyhy 


K^^;  Wc) 


sre  -artitrary  consT  .ir.ts  a.nd  the  and 
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fs 


:<e3sei  iwncti<3^8  of  order  n \ 1 ) and  of  the  fir5t  s;nd  second 

kinds  respectively . In  >^.at  roilcirs,  wherever  the  argun:ent?  of  the  Bessel 
1. iiTi c X 3 are  ociitteOj  xhe  argwuerst  \ i lo  oe  xmderstocd  » 
oolvinp  'vi9;  and  (2C)  for  an-i  yields 


'V'«  — d- Cm  X«,-t 

j ■h- 8),\j<Crvt,  (Trv\Xfm.i  “ J 


(a) 


(22) 


this  chapter  is  the'same  as  e<^iiaticKi  (1)  of  Appendix  6 and 
say  09  solved  in  exactly  the  sarce-vay,  j^Considerations  of  single  valuedness 
for  variations  of  the  ^.coordinate, and  periodicity  in  both  the  /^,and  z 
directions  wlli,.r«strict  the  solution  of- (12)  to. 


. , - I - . 

enere  the  Sa  ^ * . Ge  are  arbitrary  constants  and  the  other  symbols  have 
their  usual  significance.  In  order  to  satisfy  that  V*A  = O it  can  be  showri 
that-Gffi  Eust  be  identically  zero.  Hence, 


Sm  Im  '*■  Kw]  COi(  b?  -m  t) 


(24) 
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. ne 


-in±.  p coaporiarits  cf  *;.nc:  ve^tx^r  po*  fsitioi  as' follows: 


A - I A ' — 


Bm  ^1,  ■*■  Cfr.l*-..; 


K«v-^  S L 1^.  [ c ? - <y'  0; 


(25) 


Acry*-=  Kmtt“ 


(26) 


These  expressions,  (2l),  (25)  and  (26)  for  the  cospor.er.ts  of  the 
rector  potentiai  satisfy  equation  (3)  and,  can  ie  nv-.de  to  satisfy  (u)  by  an 
appropriate  set  of  relationahips-arisr.g  the  constants  Ar!i  to  Fq.  These  equations 

also  are  In  accordance  with  the  periodic  ha'tare  of  the  helix  and  its  fields, 

They  are  valid  however,  for  la  ^0. 

H«t  thfe.cfi-aponarit's  tif  tne“ vector^  pot erjtial  will  be  fouj-^d  for 
W ^ b.5  0 ;:°The  c'ase_  of  t:  ='  b Q would  correspond  to  no  Va^atii^S;^* 

the  fields  In  either  the  g ji^  j^'r^ctions . Physically,  this  woiild  requlrs_the 
prc^en^tc  of  correm.  systwas  of ’the  following  types.  First,  there  ml^ht  be  a 

/■  • “ • . . . ;".l-  . 

, . ••  • . 

cca-rvmt  densi  ty  in  di^cUpn  with  _no  vaf^a^dh  gf  this  -current  depsity 

with  either  s or  /J.  Sisih  a current  density  would  produce  only  & z coBponerrt 
of  yector  pcjtentta'  nc  a q component  of  7,ag/-.etic  Xh  the  Jsecocd  place, 

thei^feirht  te-a^  corrent  deisU^-  u.  the  p direct ior/with  no  variation  of  this 
currefit  dwisity  witn  either  z or  jl.  -'This  wo  .11  produce  only  a ^ coaponeniv  , - 

of  vector  potential  w‘fh  an  attenient  z c-c-s.pcc.'ef.t  of  — agnirttc  field.  Hence, 
s:r.ce  T*;'?  s = t z 0,  A^,  A.^  a-nd  Mg.  c>n  h,*.v§  no  va rl a ti orl with Jei CrTe^^^ 
p or  lions  {i>} » -i  ' ht  t^coese 


(2'/) 


L24 


A * ^ ^ A . . ■ _ 

- A*i  i OH0  — 

— -C  ' ^ hP  ^ ^ 

east  \ 

V«/ 

dp^  ir'Sp  '~ 

(2?) 

(30) 

These  have  solutions. 

A _ 

(31) 

Afc  = + 

(32) 

A ao  ~ ^ 

(33) 

jrfhere  the  subscript  zero  denotes  that  the«  is  no  variation  of  these  quantities 
with;  -either  J^^  sr  .z."  The  constar-te- Aq  to  Eq  ate  arbitrary  donstants  to^e  ° 
deters-ired  hj  boundary  ccr.diticns.  The  origin  of  ^/O  Is  included  in  the“ 
r^^sn  for  which  the  solution  is  to  hold,  hence  the  constant  in  (31) 

he  zero,  since  the  vector  -poLerstiral  in  not.  infinity  at  p— O » It 

asiinf  he  ' CCr,tln'!C'J3  at  ill  t ouno.i rl C3 . ' — 

K'<,,at.ion3  (ri),  (26j , (>2)  and  (33)  constitute  i set  of_^- 

functi.;  reiatiar-5hi;.3  fross  wtjtch  shall  be  built  up  a -&oii^ios  satisfying 
•••rTain  b-oundirr'  cor^iitlcr-S . The  bcAindary  ronditions  will  be  stated  below. 

Soee  cf  tr,*"-b'Are  satisfied  in  this  section  and  th.-*  r«a.»iader  in  the  section 
tc  f jlloif.  E-fore  doir^-  *rdj,  r.>r««yf?r,  the  expression  ^*A“0  wlil^  fee 
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1 


- ■:  r.s'Utrt-  . . . r;r. 
'y  -'Jir.r  ‘.’'.c  fur::.^lat  lii^rru  ir.  Ajj.cri-^_x  A,  ■,  12  .•  ..:,  i [-.P) 


£,n 


= A 


r*"'.  ^ 


rr  xrr 


k»c  '• 


-Tf\  ~~rr 


iy: 


rCfy, 


(34) 


— I^Srr  ^ ^frX,Y^  ^ I>fr  <rrt  — Clrr  K/r  j 


(35) 


vner*;,  A^.  ~ (A^A- 


3rr- 


H r'.  Lm<f 


~~  ^ &rr  ■*■  Afrt ) 


cw=-'3;-d1) 


T:-;^  ^rt-'"3  or.  thr  Besac]  f inctiixis  ler,ot.e  di!  ferentiation  vlth  rr;:pect  to 

l*ie  artumonl  ( CyO  ). 

Now  : ror.  "7  A=0  l oi'iovr?, 


36,' 


r V-..,,  I 'i.)  .\r^  (A;  .rc  s -Lsti  Ir.  (3t) 


•cr'"  ;o-j.cv<3 


y 


tiU 


51* 


Afr  l<y>  \ ^iT  I X -x  ^r)x,yi  ! 


— I ^ A_ /*  y'  ''Jr^J—  ' 


frc3r  wt^tch  i?.  Can  be  ce<j'.iceti  that  bin  = Aa  ir.d  Pm  = Cm.  Makinp,  use  of 


these  rein  lions,  there  results, 


A^m=[A,v,Ie.  +■  (:e,»<^]AC4>^-r^;Zi) 


The  four  constants  ka.  to  Zfr.  are  a~}.encient  -.pon  the  ooundarj’  con- 


In  the  nnr’.  secticr..  It  vlll  be  rhCii-.  hov  tnls  ..uc  rcsiaini.og  arbitrary-  con- 
5lA.nt  l3  rclit«J  to  the  c.u'rer.t  siiert  at  P.^.  T.te  bO;^n(ittry  copnlltions  dealt 
with  Ir  this  section  are  that  A is  cor.tinuwua  tnrxigh  any  of  the  boundarice 
dealt  -ctr.  In  this  report  \See  r«  f erer.ee  (i),  par.e  2ub  'i , and  that  H must 
vvnl s.h  .'■-tr  all  fZ  > h‘ ^ this  ar.aljsis  H is  the  tka^netlc  .'’ield 

intensity  in  a-jerej  , er  me’.^r  ^z.".  is  r*  ‘tec  ' ■>  • n*.  y,.r*'-r  ,Tf:.t',nl  ry 


IJ 


127 


,•  it'Li.  f.  eoua  ti  or, , 


(a) 


Let  tne  field  be  divided  into  four  regions  as  tabulated  in  Table  9. 
these' defl rati or*s  , it  is  anparent  that 


( i.o\ 


BU~ 

Aj=A|^T^-  (u>) 

■lable-  9~  - 


Fom^  Re^crna  Into-Wilclt  JFleld  Is  Dlrld^ 


SegicR 

_ 

• 

.r  . 

. 

I>erinition 

symbol  *OT 

Vector- 

Pbterlllal 

CianMsit  Vi^jlch  is 
Seat  of 

Vector-Potential 

-a- 

0 4/=»  ^ 

Helix  currant  at 

— . b - 

1 ....  . . J 

- 

"■  # n M 

c 

- 

k 

_ ._.-c 

Sheath  current  at  Rj 

a 

■ ■ r -u  — ■- 

n.^p^oo 

C « II  If 

i 

a 


E 


* - r ^ 


i..-)  j.  V .' -/ 


e • ^ ^ r 


' “ *’X‘ r'' 3 j 1 T ^ .‘3r  /Vj  A.-.  3 Aj.  rt*c.i.;st 
. 3.t  i'.fir.ilv  ~ 

I ..  f .'.c*,.  o-.s  A*.  :.f“  V i-e 


3r.  o 


fx;.r*9fs; -^r.3  f 3.-  ^ <ir.3  . T-.  :9, 


.X  a: 


A*^rr*>.  — «y 


fT 


V 


~ i ^ 


»r, 


ir  fv 


‘#r‘4> 


A,  ,,,  = 'a„^  J '■is ' c ? - rr  2; 


In  rcg,ion  b: 


Ac'r  t)  I 


f!2-  r, 


^ 3 ‘ ' ""J  V ^ ^ 


A^ fv- 1 ~ c ^ ^ Z) 


T ^ .i 


■ i^  '*C  l-o  Brr-C-i-A'  ! i ~ r5  j 


/:.  .r  ' ^ ^ 

I 


t/2 


(i.5) 


(i.6) 


(^7) 


iUR) 


(49) 


(30) 


'.3I) 


;s^. 


» _ ^ — f f \r.t 


in  . ^ . 


/i^frjL  = I In-val  ^rr,i^r»vj  SiLia  (fci-*>'-0j 


fc/S 


Kj<^Ol^b2--rn0) 


Since  the  vector  potential  must  be  continuous  across  any  boundary 
^ sust  en-al  " Rl  and  ^ sust  eouar  ^ st  p = These 

conditions,  yield  thrs  following  set  of  relations  anong' the 'coefficients, 


5, 


loRi  ^fv>\b^i) 


mA. 


rr. 


Aw  9. 


( 


i^imh  r -- 
r^eCbP.) 


,R.  ^w(  Pg.)  y. 


m 


^ /iPi 

• Nffc  -.*••  •: 


e,^= 


\/  i \ . r>  '» 

C ■Ci 


• fei. 


— »TjSl. 


■w-c%. 
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U f ■ ‘i 

W r^2.  ■«»*«  \ si 

"kTSK) 


sTi  , - ' A.  f-c 


(62) 


Thus  ths  rctTi-Lnui.Ly  J5x  ^ h^s  established  six  of  the  ei^i  constants 
ir.  tema  cf  the  resa^.ir.r  two.  The  ff-.ct  that  the  aa^ietic  field  H Bust 
ranish  will  establish  « relationship  between  Aina  and  Amc.  Froci 

equation  (<*4),  the  coisponcnts  of  the  vector  potential ^n  region  5 are 


.(63) 


A^n^3  ”T  ^ (Ctub  }^c?.  AC^XbiEt"hh55} 


(64) 


{Cf«%  Cjr^  Km  ^OSXb2~hh0^ 


(65) 


PraS_ the  casponfenta^of  the  magnetic  field  in  rc^cn~3*_ 

ps  |_b( Dfr],  4*  J V b Z - (66) 


(67) 


(68) 


gene#  Ir,  opler  that-H-  vanish  for  all  /0;>^  Sp,  (Ix5b  4-  Dad)  must  be  zero. 


1 


:^z-^  '•i’x 


vh  {5'^)  and  (62), 


_2_  -^:sR.;K.,(6g,) 

’ 2 'b  %K;j 


anil  equatl  ;ri3  (60),  (61)  and  (62)  tecone. 


tiR*,  K|yi(bRj)  ^ 

~ ffi  -i  ^ - . A 


,c2i)Kw(bR) 


R X«(bK,'i  . 

R,  r;.;bS4<„(tR,)^~ 


ar  -^-wlbfeij  A 

.rr  K«.(bf?.) 


3incp  the  Lntrd-Juctlon  of  these  constants  in  teras  of  Ar.a  will 
.oahe  the  expressions  for  the  vector  polenti-:^!  c iribersoeie,  they  will  not 


; e ' is  c 1 


:til  later,  f'rcr.  (42)  ajvd  (41)  follows, 


\ i f'  i A i 

I t y 


— oi»v\pr 


A-j!fT,j  ~ B»rJ  "TT  V^eeat  i-oll  b?-' 


132 


- i'  -r-  r 1 tT  ? ~ ^ 


(75) 


^prn-L  =j^‘'»r.'  ~ B 

1 c^ 


'.  ■^rr  Wb  ^r. 


^fr>bK,yJ  ^l:f-^^^) 


(76) 


. — WI  , f^fd  ^CiS(b?  *"lVl^^ 


(27) 


Airr.z*^  ^ Cdrt  <^1cas(b?-rri;i) 


(78) 


F r j<n  (73)  tc  (7o;  cuid  H - corcponfnts  of  awgnotic  field 

In  regions  1 and  <■  follow, 


V*^'  ~ ^ [ ^m<,)  X*,T^  j ?~*v 


(29) 


(?-o) 


'jm*  - b[(S,r4.‘*-  e»mc)  ^rvJCci(b?-rV.fljj 


(81) 


(8.2) 


(83) 
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. - L ^ 


'"c  -ryj 


C C-- 


(84) 


As  •fil'.  sr.ovr.  i:;  •.  h*;  r.ext  secticr,,  j'urrer.t  fiowlnp  in  a 

’ r .f  r.-r-ow  *i  ;*.h  •:  in  e r*  ?r-rer.t,nd  j.-:  ^ ; nr  of  rciirifr 

s«»rl>*?  of  ■ *ri  tc*  current  n^.sity  sneet:  ir.  hcth  t.r»*  f md  n.  rect-i  cr.s . 

A KT.owled,;e  of  t.:.e  .-c  effi  c lent.  3 of  *.h*»se  series  wiii.  enable  '.i.s  t.o 
*.be  rcn:.* in i nr  cor.3’..>.nL  hx.i  ..t.icn  up  to  the  present  is  unic:Ci»ri.  In  ; rej'<ir5tion 
for  tr.ls  proceus,  (79}  to  will  be  used  to  determine  the  current  der-.sit.y 

v-ctnrs  .‘t  the  r-;  ;ius  Let  -s  iencte  ‘.  Yu  i .m.d  z coe.ponrr.ts  of 

surface  currait  density  as  and  J.za  respect: vely.  Then, 


(85) 


A 


*■  l^tT7  ^'/^'3/5=  I?, 


(84) 


-.n  ' 


...utlny  ('*!)  and  (f’4)  into  (®5}  and  (^O)  and  (83) 


L.ntc  {it>)  T'^snlt^. 


K„:bS.) 


(87) 


: A 


,■0.^0' 


it^  ; 


ci-  ^ t: 


(9ft) 


1% 


In  ^irrivi-r  =.♦  (8”:)  ; (^3)  v-c  =iirt  be  ~^de  of  Uie  Wronsidan 


relatiorsnip  r.er.tionec  i:;  Apr^.cijt  A-i. 


It  i5  int«er«stirr:  to  note  that,  air.ce  the  currer.t  tn  the  helical 


cor^octsr  is  confinei  to  flew  in  tre  Helix  direc.tieri^ i.t;ich  niai'es  an  iinde 
*p  with  a circiiHiferenelal  line  dravr;  or.  the  cylinder  of  radius  Ri,  any 
curi’ent  density  sheets  derived  front  the  line  current  by  a Fourier  analysis 
nust  also  have  its  direction  of  niaxiauni  current  density  in  the  helix  direction. 
Therefore  the  ratio  { ) -ust  eciiai  tan  This  is  borne  out  by  (8?)  ' 

and  (80)  which  t;lve,  . 


4^^  - — tan  </' 

bR,  51TR. 


Berore  pro:se-tifi|£  to  Vr,*-  next  ••'•rticn  wnere  the  curr^ait  in  a 
thin  helical  c undxictor  will  ■ " ” r’wencea  by  two  Fourier  series  of  current 
density  sheets,  the  case  of  r t b = 0 will  bo  discussed. 


Again  consider  the  regions  (a,  b,  c,  and  d)  t-abuiated  in  Table  9 


above. 


In  region  a. 


Coa/* 


^ Boo.  P 


13^ 


. r.  r».;'ior. 


Sc  c 


3ocl-o<^/^  v93) 

In  region  c, 

A®c,c  — --ocy^  (9/.) 


oi  *■  Bfec 
in  region  d, 

A<5o<i- 


(95) 


(96) 


Tne  c«jr.tlnuity  of  the  vector  potential  at  ano  recviires 
Djb  = Coa 


(9?) 


(98) 


(99) 


Aoo  AetV  ^Boto~  F^oa)l.^  R, 

o* 


(100) 


vAoc-  Aoa;  =»  .Boi-  (101) 

I'  A^iitl'Y  to  -he  c on*  i no  itj  of  tr.cre  nr*  9*v*r'»l  ccx'.ditior  o 

or.  ar.d  ^ at.lcn  =ui’  ••*  catihried.  Tnese  nre  t.n.it  Hq  - 0 :or  /O  > h2» 

- G f -T  /O  < R^ , ar>i  A-  approncn  ?*ro  *«  ,0  n;. proacr. *-»  infinity. 
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or  . z. 


^ A ^ 


o B «-^odL  , ^ 

t-  B<v.)  •“  o 


'v.-.a*.. 


(102) 


(103) 


' A,)b  A adl)  = O (1(X) 

LtsI.-.^  th-^se  r-3uit,s,  t.hr  v?c*.or  ir.  re^ic.'is  1 and  2 are, 


^ fiO\  ~ ^ ^ Cor  )’/0 

(105) 

^iCA  * (^00^*-  Aocj 

(106) 

(107) 

•^\»?0JL"”  * Agc,j  4-  (2>o,-^  Si^  y ^ 

(106) 

Froc  Hr  = Ao  roc-r. , 

(109) 

(no) 

'*^c»  ■*-■■•--*  <-ocj 

(m) 

(m; 
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(U3) 


^ - 
X '-0<- 


mu) 


Kow  in  region  2,  the  line  integral  of  H^2 
/O  ( ^ ) oust  equal  the  total  current  enclosed. 


on  a circle  of  radius 
Hance, 


Bt,t) 


(U5) 


where  -4*®  surface  current  der.sit7  at  radius  R]^  flowing  in  the 

% direction.  This  curr«9it  density  is  independent  of  ^ and  z. 

Also  since  the  sheath  has  perfect  conductivity,  the  total  magnetic 
flux  in  the  z direction  must  be  zero.  Hence, 


a (c«L  4- c.c)  1T  rN  a Coc  r(  Rf  - R^) -■  o 


(U6) 


froo  which^ 


Coc  — 


3L 


T.he  ci--nalaxit  Co*  tan  be  dcterrined  frofr^  the  surface  current  _ 
,'r.  tJ^  i direction  as  follows.  If  wcuatior.  (35)  is  applie*!  wit) 
the  *t:.ti3cript  n repl.aced  evsrywfirre  by  C,  we 


(117) 


im 


f 

i 


I 


is. 


1 

I 

I 

I 

I 

I 


•w 

i 


1 


13S 


Coc^.  ~ 


— 

2.  c?3>o 


/ •«  n ^ \ 

\ J.xi5y 


xnerc  'vhe  surface  current  density  in  the  ^ direction,  is  independent 

and  z.  The  res>*lt5  froRs  (9c)  tc  (lIS)  j-ield, 


r*  * 


^00  (i 


- ill.) 


Rf  j^_ 


(119) 


(120) 


Vei 


(121) 


(1^22) 


In  s'lsaary,  equations  ('^3)  to  i?6)  and  (119)  to  (Hi)  constitute 
« art  of  Vector  pctcntlAl.s  »^!icii  can  be  used  to  represent  the  vtctor 
potential  caus  ed  by  4 heli  cal  line  of  correit  sJiielde<i  by  a perfectly  con- 
ducting sheatn. 

The  Fourier  Seri  «s  liepre-sertation  of  the  Helical  Current 

The  Fourier  series  representation  cf  the  current  in  a fine  vire 
helix  iilll  nov  be  developed  -ith  the  aid  cf  Figures  4?  to  to.  Figure  U7 
shcvs  h tape  helix  of  -aldth  2a  carryi.ng  a total  cur.-ent  of  1 amperes  in  the 
helioc  direcifor;.  The  surface  current  der'.sity  at  the  tape  i»  (I)/2s  amperes 


per  aelrr  Lr  the  helix  lirection. 


:urrer.t-  density  can  be  broken  up 


U1 


two  cotipori«iit)i,  ooe  axi&l  .V[d  or.«  circuaiferentiai.  The  oudal  coopcnent 

Ji  has  a iRAgnitude  at  vhs  tape  of  ~i_  sin  . It  is  plotted  ir.  Figure 

A9(a)  S3  a function  of  % at  tlie  pArticuiar  value  ^ = 0,  T!ie  cirtu.aferer,cial 

co«poo9rx  has  * aagnitude  at  the  tape  of  _a_  cos  <J/  . It  is  plotted  in 

2a  ^ 

Tigure  t9(b)  as  a function  of  r at  the  value  / = 0.  as  can  be  seen  frot 
figur*  *;9|  these  current  densities  are  periodic  functions  of  t with  period 
“C  • They  can  be  represented  by  the  Pouriei-  series  below, 

Coi  bi  \ (123) 


r [| , 
--T 

V w»l 


r J 

' m* « 


* 


Cotbi 


(124) 


If  the  diaensioo.  A*  i»  allowed  to  approach  tore,  the  tape  approechee 
an  infiriteai.'SAlly  Uiln  wire.  If  this  is  done  and  at  the  sene  tine  recog- 
luain^t  tnat  t can  ba  replaced  everywhere  by  ( 2 V ) there  results 


I 

a? 

X 

> 

j 

I 


i 


I 


r 


r^a-. 


4,-  + 2'^  Cos(b«-m0)\ 


m sj’ 


^2" 


'in 


z_ 

ir.e » 


') 

0)5^ 

J 


(125) 


(12b) 


S 

i 

i 


»v-  H!,  M ■ 


! - 


?rcEt  *qiiatlons  [67 ),  (88),  (125)  wid  (126)  tne  conat^nt  A*a  car.  be 


ib-Viined.  It  lit, 


A..^=  ^ K,(bR,) 


i4}«r«  ■ 0.  it  can  also  b«  recogrtiaad  that  the  j/io  and  Jso  of  eqtiations 

(119)  to  (J^)  are 

40c  =*  “ 


^20  2; 


from  tahieh. 


A 

ZZ 


{'-  S) 


A*o.=  ^ 


2T  \ /«* 


^•ic*  “ iir  /o 

Balov  are  tha  e<i»picta  eo'iatlona  for  the  ractor  potantlal 

about  ar  inflcitaalnaU y thin  vlr*  helix  carrylc^  direct  currait,  the  hoMx 
ahial4rfby  a ^rfactly  corcactln;  ahealh.  Thaae  expratsisr.s  are  obtedned 
by  ueinf  (130)  to  (133/  above  plue  a/i  Infinite  of  tarvis  Ilka  thoee  in 

t,;  (75).  Jach  cf  tcrao  In  the  luTlriite  aeriaa  corr#ep*x:d»  to 


*1 

1 


% Cwrrer.t  sheit  cf  .‘’..'.nscnic  order  a.  as  obtained  ir  (12-;)  and  (1?S).  In 
cctaimne  tn«  fcLiowing  ccj'jdtior.s,  upe  is  also  =Ade  of  (6?),  (5S),  (59), 
(70),  {71}  and  (?.:). 

Asi  ^ i GC*^JK,l.(bR^)I^>6^rl(b^  -wpj 

m=  I ^ j 


U3I») 


'i**  Zt 


X f 


^ ta.rv i^jl-  R,^*]  lcoi(b£-M^  (135) 


5 V' 

f 0 

\ ¥ 

i ’”'■ 

I r 


Af}*  *ff“  y ^ Cos(b«-m0j 

' J 

so  . 

Z^.l 


^ ^ ^ <|co<K!X(k>R)Ki;r.  - lC(b  ^.)Iolj 

/ i 'I 

4^tar.^^(bK,)Kw-Fi},ifCjbJ,)r^  I 


036) 


— Gl^}<m(k>R.)Xm  > Sr..(b«-m0j  (137) 


^ ^/D  ^ TT 


K„  * Pv It  j*  a»s(b^fyi  0) 


(139) 
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vncrs. 


Rx  r;(b(?OK-o>R.) 


(UO) 


(lU) 


Ualng  thM«  ec<«poner>tt  of  the  vector  potential,  the  aa^etic  field 


can  be  found  frcs»  H - 


1 

m»i  ^ ' 


(U2) 


•mflj 


(143) 


Cos(b?-i^0j 


(144) 


r 

i-i„= - jbK,[i;;M)K;- 6|,K;(bigi;i  «i) 


'I 


(U5) 


rn* ; 


**’  TT/O 


f ^ 

-\  -^w|r:(w)ic„-G;.iObt.)t.] 

fy\»i  *" 


<Ub) 


c>» 

V^j  ->1 

'p^xc  _ >65sCb?-fn0j  (U7) 
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mt  I 
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ft 
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U5 


The  lisd-sctaTiCe  rtr  unit  length  CAn  te  calculated  fx*o»  the  Tector 
potential  boct*.  Toe  aaiiy.etic  fields  given  In  (1A2)  to  (1A7)  are  presar*e<i 
orji/  is  a xatter  sf  interest.  Soao  cf  these j notabi;'  (146)  and  (14?)  sight 
be  used  to  calculate  the  looses  in  a sheath  ^th  finite  conductlrltj.  This 
i»  dlecueaed  in  Ct>^;ter  II,  Section  5* 

C-6  The  Inductance  Per  Unit  lenitth 

Consider  *nj  eurfaes  S enclosed  b^Asieple  closed  curve  C as  Ir. 
Figure  50.  Let  it  be  aeeie^T  thaw  this  curve  C is  situated  in  a region 
ahere  tnere  is  a aagnetic  fi  klc  K.  Then  linking  this  closed  curve  C mUT  be 
a magnetic  flux  given  b/, 

where  /d^  is  the  pexeiebbility  of  the  siediiae  (free  space  in  this  ease)*  If 
the  field  H is  esused  bj  s current  I flowing  doss  to  tht  path  C,  this  field 
will  be  proportional  to  I in  a region  characterised  hj  linear  properties. 
Consequsntlj  the  total  flux  ^ ythich  passee  through  the  surface  3 will  also 
be  proportional  to  the  current  I.  This  constant  of  proporttonelity  between 
the  total  flux  ^ and  the  current  tSiich  causes  it  is  gen^allj  called  the 
external  l)«ductanee  of  the  path.  The  total  flux  ^ in  (14<8)  can  be  written 
In  i»r»e  of  the  vector  potential.  By  a eell  knviei  theofsa  fro*  ■»*<tor 
ealculue. 


(U9) 


U7 


w^«ra  C is  Jtr.7  vector,  n is  the  'jr.it 
i's:  ie  a rectir  e].rsient  ef  length 

ap<plvir.g  (ii*9)  tc  (143)  jieids, 


norsal  to  the  eleaient  of  surx'-ce  ds 
t^^cen  or*  tne  w«  .jince  H 


(150) 


Thi»  result  can  be  applied  to  fietemi*ve  the  total  flux  linking 


e pec^j  >«hlch  is  feraed  bj  the  l.'.t6rr-ection  of  the  heliseiJAl  rurface 

(c  — ) • 0 ■«ith  both  the  eheaUi  and  the  blre.  Figure  51  abowh 

9 portion  of  the  wire  and  sheath , showing  the  path  around  which  the  integretion 

of  (150)  can  be  perfomed.  As  in  the  case  of  th»  capacitance  which  was  dis- 

cussed In  Appendix  B,  the  surfaces  of  equi-rector'-potential  are  very  nearij 
the  ease  as  the  surface  of  the  wire  for  very  ssall  wire  radii.  Hence  the 


vector  potential  along  the  line 


(*  irr  ~ ^ 


/?=. 


is  very  nearly 


equal  to  the  vector  potential  along  the  lines  < 


i?i 


These  latter  linea  are  fersed  by  the  intersection  of  the  wire  with  the 
cyllndor  f>  - the  use  of  this  latter  path  of  Integration  will  lead  to 
slightly  aispler  reeults.  In  performing  the  integration  around  the  path  in 
rigure  *1»  t},«  c cr.tr ibui Sens  tc  the  iiilegrr.l  along  the  two  radial  ILnes  3C 
and  DA  will  cAncel  each  other.  This  is  so  because  A^oa  along 

either  of  these  paths,  and  since  the  integration  Is  performed  in  both  directions, 
thty  cencel. 

Before  prcce»ll.hg  to  the  evaiustion  of  the  inductance,  it  will 


iiwtiwitiifmiii  n r^i  fiini 


r 


b#  »ho«n  t-h«t  the  coaporar.t  of  rector  potential  a*  the  sheath  aiong  the  ?.ine 
CD  if  xero.  Let  j4'2  be  the  helix  angle  at  the  sheath,  Fnia  is  the  in<?le 
between  the  LL:e  CD  ar^  si  circustferenciAl  line  dra>«}  o;>  the  Cgrlioder  at  radius 
R2.  Consecuentlj, 


toA. 


(151) 


The  vector  potoitlal  in  the  helix  direction  at  the  sheath  is  givsn  bj. 


AyAi  — A^^Sut 


(152) 


Upon  sttbetitutioK  (13B>  and  (13^)  into  (152)  one  obtains 

o» 

m« « J]  . 

- R.IC.(bR,)UbfyJ  >cos(bf-m^) 

J (153) 


nvv^verf  since  uIa'A  — first  pair  of  brackets  ia 

aero,  end  tns  vector  potential  at  the  ah**ath  in  the  helix  di recti 'T'  is 
IdenticaUj  »«ro, 

Thu?  the  i&JuctAnce  of  a length  of  the  wire  >f  ■stars  long  is 
Itiven  br  the  integral  (at  the  surface  of  the  wire)  of  the  vseter  1 
if.  the  direction  of  the  wire  al cr.g  this  length  <S  . Therefore,  the 


l^i,.cUir>r»  ;,*T  2.«=.er  ir.  ine  holAr  iirsctien  XJ  gl“«  by. 


Upon  •ubstitulLng  (135)  and  (136)  Into  (154)  ore  obtAine^ 
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I l! 


f « 

i li 
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I n 
I “ 


[i-  G4]K:(bi?,)i:tbR j 


If  yU«  Is  p«r«*ability  of  free  space  expressed  in  the  units  of  the 
rationalised  MILS  syeteei,  the  inductance  givtn  bj  (155)  is  henries  per  aeter 
ir.  the  helix  direction. 

C>?  Appraxiaete  Kxpreeeione  £o£  Close  ¥<?und  HeUces 

For  the  case  where  > I ZS"  ^/z  ^ 1 the  helix  nay 

be  defined  as  being  close  wound.  This  definition  ie  not  based  upon  physical 
appearance,  but  upon  the  fact  that  under  these  conditione  the  expression 
(155)  fWi  be  written  in  closed  fore.  Thus,  for  V snell,  the  expression 
under  tt.e  svaKsticn  sign  becor.es,  very  closely. 


Jtr  StA 


|Ll“C]ll(bJ?.)Kl(bK.)j  = 
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^ ? 
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13C- 


i<h«.  ttiia  is  suhsti  fed 
of  r*fer«ic«  (A), 


-'h  *1 


ini  use  aide  of  fonauii  6G3.2 


on  pig#  i32 


. i.r  i 


0 


(157) 


“J 


This  is  the  in<tuct«nci  i>er  sieter  in  the  helix  directioni  If  the 
Icductinc#  per  s#ter  In  th#  exi&l  direction  Is  desired,  the  abov#  expression 
aust  be  divided  by  sin^  . Denoting  the  inductance  per  unit  length  in  the 
axial  direction  bj  , there  follows  that. 


(15«) 


As  the  pitch  of  the  helix  becoaee  rrrj  large,  it  degenerates  into 
a traasalssioo  line  in  which  the  inner  conductor  is  parallel  to  the  axis  of 
the  aheath  and  distant  tr<m  It  bj  R^.  Upon  allowing  X approach  infinity, 
(155)  beccwea. 


This  can  be  expretead  in  closed  font  by  applying  fonaila  418  on  page  83  of 
ref<>reoce  vi).  Upon  doing  this  end  also  recogrJLsifig  that  ^ it  eer/  snail. 
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Appm-.dlx  D 
Thg  Wavff  Equation 

In  this  appendix,  » tajje  helix  is  considered  in  an  attempt  to 
•o1t«  the  ~MTe  equation.  In  particular,  if  the  helix  is  assumed  to  be  wound 
of  a Tery  thin  tape,  exact  expressions  fcr  the  fields  can  bo  obtained  in 
terms  of  the  surface  current  density.  A.n  exact  fonaal  solution  is  obtained 
for  the  tape  helix,  but  the  completion  of  this  solution  requires  the  solving 
for  the  roots  of  a doterminantal  equation  in  the  fom  of  or.  ir.fl.tlle  deter- 
minant. By  ossiBTiing  that  the  tape  is  so  wide  as  to  result  a butt  helix, 
this  detersdnant  reduces  to  a 1x1  detenainart  and  the  propagation  constant 
can  be  found.  It  Is  shown  further  that  such  a helix  is  dispersive  and  as  a 
consequence  one  sight  expect  a close  wound  wire  helix  to  also  be  dispersive, 
1>-1  Xay^i^ell * s Eouaticn  and  the  Vector  Potentials 

In  the  nonconducting,  charge  free  mediure  surrounding  the  tape  helix, 
the  electric  and  nagnetic  fields  with  harmonic  variation  oust  satisfy  the 


Maxwell  equations. 

(1) 

H — 6 £. 

(2) 

* sr  — •/ 

(3) 

- 0 

(U) 

i^cre  t and  H are,  respectively,  »h**  electric  and  magnetic  field  ir,t.<inaltieB. 
TM  aedluK  i^ich  is  nc*ncor.ducti ng  hano^eneous , isotropic  and  linen**  is 
' iwrr.cteri  ae-1  by  the  peTrss.**iMli*y  >U  ar.d  perrlttlvlty  6:  . 
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Fron  (l)  and  (2)  Uie  wvvft  equations  follow. 


ti=-o 


where. 


(5) 

(6) 


,t:r= 


(7) 


These  are  tousL  convenientljr  solved  in  tern*  of  two  vector  potential 
functions  such  that 


(e) 


(9) 


In  (6)  and  (9),  A and  £ are  vector  potential  functions  froo  which  osj'  be 
derived  the  electric  and  engnetlc  fields.  For  haneonicalljr  varying  fields, 
these  vector  potentiale  are  related  to  the  Herztian  vectors  bjr  a eiaplc 
factor  of  proportionality.  Equation  (6)  will  be  solved  in  the  circular 
cylindrical  coordinate  aysten  as  defined  in  Appendix  B.  The  solution  to 
(9)  will  be  eisller.  In  both  (3)  end  (9),  it  will  be  essvBed  that  only 
Uhe  1 cocpcnent  of  the  vector  potentials  exists,  si  ice  it  has  been  shcwi 
that  any  wave  aey  be  synthesised  frcn  the  two  scl;iti=r.s  based  upon  this 
ansxir:pticr. . (See  reference  1,  page  351). 

Subetituting  (S)  into  (5)  there  results, 


tram  which, 

wh«r«  ^ i>  xn/  «rhltmr3r  scalar  function  of  0 and  M 

liov  If  It  !•  aaavsnad  that  A^**  Agj  — 0 ^ th# 

ba  uaadj  ain£«  * raetangular  coaponcnt  of  the  rector 


•Qd  con»o<m«atlj^ 

V*A,-A*A,  * 1^*4 

If  the  arbitnu?  eo^xr  function  (j^  is  defined  asy 


® A 


(17) 


\ 


) wluad  fvnction 
t«ro.  Th*  1^ 
irst  snd 
Mmi  to  a 
lie  proportlw 
• fi*id»  »r» 

! Daldfl  cq>«rl- 
ci«*r  aiae** 

, It  eoli>- 
vj  only 
torn  ot  « 


i-v-Vr-isTV- 
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r4/^ 

t 


i^if 


-4S.2 


(18) 


wh«r«  i*  Civirt  by 


itnTT 


(19) 


An  Additional  r«quir«ment  due  to  tht^  pericdicity  of  the  helix  is 
that  if  one  aoves  at  a fixed  rudiue  on  the  surface  of  a helicoid  defined  by 
= constant,  the  fields  are  Bulti plied  tj  only  some  coaplex 
constant.  Thus  the  H of  (IB)  and  (19)  sust  equal  the  m of  (16)  which  can 
now  be  written  in  the  torm. 


_ fi.M 

|k.(V) 


-iAi  -4(^2-  infi) 

K f 


(20) 


further,  since  the  coaplete  set  of  functiooe  must  be  used  to 
satisfy  the  boundary  cor>lition«  and  since  the  field  equations  are  linear 
eo  that  elosentary  aclutions  can  be  added,  th«  representati cn  fcr  beccees. 


15V 


wh«r«  th*  constants  and  ire  detencinod  bj  boundar7  conditions.  In 
exactly  tho  sea*  asnner,  the  vector  potential  can  be  written 


C 


'J 


mH) 

f 


(22) 


Froai  (21)  a set  of  g and  H vectors  can  be  derived,  which  set  Is  defined  as 
a tranaTera*  mgnetie  aeda.  Froa  (22)  a set  of  E and  U vectors  can  be  de~ 
rived;  in  this  case,  the  act  defining  what  is  called  a transverse  electric 
Guide.  The  electrooagnetic  flsLl  obtained  by  superposing  the  transverse 
aagTietic  and  trenavarse  electric  fields  is  of  such  generality  that  on#  can 
satisfy  a prescribed  eet  of  boundary  condlticns  on  any  cylindrical  aurfaca 
tdtose  geseratinf  eleawnts  are  pariLllel  to  the  i axis. 

Let  regions  1,  2 and  3 bs  deflnsd  as  follows: 


regiaa  1 corresponds  to 

R, 

(23) 

region  2 vorreaponds  tc 

R,</Oi  Ri 

(24) 

region  3 corresponds  to 

(25) 

Then,  heceuss  of  the  know  sirigu3aritlcs  of  the  Bessel  functions,  the 
vector  potentials  in  these  regiona  are. 


A 


e 


(27) 


158 


-iSi\  r -1 


(28) 


9t 


= [a.~.(V)-^D».K.,(r,.<>i) 

m 


6 


rf> 


-j  .^‘(Wf-wi) 


(29) 


(30) 


(31) 


-2htTr 


(32) 


Sow,  fro«  (i) , (2)  jinrt  (ll),  th«  tct«l  electric  end  uagnetic 
field*  «.re, 


1 1 

<3^  Jt^/A 


aV» 


(33) 


u „JL-..1.^. 


(34) 


15^ 


2 


(35) 


(36) 


^5.  4-  ^ ^ 


(37) 


(3«) 


Equationa  (26)  to  (38)  the  electronagnetic  fields  in 

regions  (l)»  (2)  end  (3)  in  terms  of  the  constants  to  Dm.  These  constants 
■net  be  found  froe  the  boundery  cosditlcna. 

D-2.  Ji3±  §9ma*g  <ZgrfLUgag 

There  ere  two  bouoderies  et  Wilch  the  electric  end  magnetic 
fields  must  satisfy  certeAn  boTjnd«ry  conditions.  These  ere  at  the  surface 
of  the  s^4ield  defined  by  ■ Ro  *nd  at  the  S'^rfsce  of  the  taps  ssfincd  by. 


r 

1 


p=  R, 


<(«  - #-0  < 


0. 


j 


(39) 


where  the  tape  width  perpendicular  tc  its  edge  is  2a  and  the  helix  angle 
Is  ^ . The  c*»*ter  lia*  of  the  helix  is  ^askned  ts  pats  thrwigh  z ~ 


0 


ttm 


-.'5=.,. 


»«i«n  0 = 0.  Be  gensrfclltj  ia  lost  by  so  *3S’JBULng. 

Av  the  shdeld,  slr.es  it  is  sssjsisd  to  i/«  perfectly  conducting,  the 
tengcr.tcl  scEpnr.cnt  sf  electric  field  aust  Tenlah  every»<hcie.  When  thia  is 
Mtlafied,  the  noriMl  co«ponant  of  magnetic  field  >dll  autonatlc&lly  satisfy 
the  condition  that  it  ranish.  This  follows  iasaediatcly  frm  (l). 

For  all  ^ greater  than  R2*  alactric  and  oa^etie  field! 

oust  tanish  since  the  shield  ia  assuned  to  be  perfectly  conducting.  At 
the  radius  Rx  tangential  coaponent  of  electric  field  Bust  be  contlnnous 
ereiTwhere,  and  the  discontinuity  of  the  tangential  coaponect  of  the  wagnetic 
field  Bust  equal  the  total  surface  current  density.  That  is, 

fe,=  yj=  o , /»>  R.  (M 

**  ^ 5 

E,,  “ E„  1 /f  “ Rj  (w 

E.,  “ 

{H,,-  H..)=  X<  5 x’-  K,  (M 

(H01- H#,)“  J,  , R.  U3 

«d)ere  and  are  the  total  surface  current  densities  in  the  4 and  s 
direction*  respcciiTely.  li  is  natural  to  expect  that  these  current 
densities  would  have  the  smr  fora  as  the  vector  potentltls,  consequently 


w<»  «sy  write, 


- ^9 
~g»-c 


) J#->  € 
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_^(b2-*wp) 

C U7) 


And  Are  the  Fcurisr  cseffl<;*.6ui.d  of  the  currant  dsnsltj 
distribution,  before  aaklng  use  of  ccnciitlons  (iO)  to  (47) » it  Is 
desirable  to  nave  the  electric  and  oagnetlc  fields  in  regions  (l)  and  (2) 
wrlttnri  es^icitlj.  These  are. 


1 


(48) 


"I  .A(hl-tr$) 


^(b^-rrfj 


(49) 


(50) 


(51) 


(52) 


:-^V 


_4(b^0j 


(53) 


VLr 


6 


. 


+ "jy ^uyi  W)  VijJ 

vfic.*-  il  -ii^^-"’''> 


j-  jcMr.(>'.p)«-D.,K4i!i/] 


- ^[A«»li,(V)+  U‘ 


^ -9^1a«i.(il»)  + 


-!  -^(bi  -m#) 


\ I r *ll 

e^gi*  -€  > 

4r-l 

fro«  (3$)f  (36)  ^<1  (^O),  th«rc  follows  iiia«di»t»ljr  th*v  0^3  And 
0^3  of  (30)  ATid  (31)  *rw  id«r;tioiIijr  s«ro.  Fro*  iUl),  {k2)  and  (0)» 
th#r^  follcn«. 


A „[|  m^fe)iU*.«>)l .«  _ r,  ^-sa* 


. ««  JL  ■ 


U{v„P4M’4..ff4  *" 


D ■^('^R)  A* 

If  Ht 

r\xtT»»k/ 


C_  . r^R)K;(ifcM]^  _ r,  V* 


r -6ld» 


n 3« 

^L(tlL§\ 


wter*  «nd  C*,^  mv»  b««n  introduc«<  •«  9 B«tt«r  of  cor.Tscienee.  Th« 
dtflniiions  of  tho  G^  4nd  G^  function*  »r«  obnrlous  tram  (60)  «nd  (63) • Fi*on 
{l^),  (45)»  (46)  and  (<«7),  th*  ccnataoU  and  C||2*  arAluatad  In 

taraa  of  tha  Fouriar  ooafflcianta  «uid  . Uaa  ia  aada  of  tha  ortho- 
£onalit7  of  tha  opaca  h&monica  for-TT^  ^TT  and  C 2 C • Thaaa 
tVD  eonatanta  ara, 


(66a) 


c*».  *“  Jitm 


(66b) 


i 
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v5i.r*;j  (5*?)  tc-  i66)  f tr.«  eirctric  and  fields  in  regior.s 

(1)  And  (■-:)  becoce 

K«»- = ^ 

»»r~*  r , 1 , V I _ 1 -l(bt-er>e) 


(67) 


«r,  ^ nr- 


c r I 1 

~ ^ ■ 757 ^ (68) 


V i r n . V 1 

4-t  J 


(69) 


(70) 


(71) 


4(^2 


(72) 


!!L?i.j ^ Jk* 


- i»n  l«i  - i:  I X ^ r :(r.i?)  y C 


• -^Ckur.*} 


(73) 
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In  the  'or*goln4  •quAtiona  hnd  in  vhat  follows,  whsre  the  srguBtxits 
of  ths  Bov^ssl  f'ur.slioiis  Ars  ondnsd,  it  is  urierstood  that  thess  slszli^ 
sri^^or.U  AO'S  ( %.P  ). 

It  c*n  SAsiijr  t«  tl«e'jii»trw»<fd  thit  (67)  tnrou^h  (?8)  satisfy 
KsjrwsU's  s<i>istio»  ss  v«ll  as  tbo  continuity  oonditions  (li)  threugh  (45)* 

In  Addition,  th)»y  Mrs  singla  ys;usd  touiidsc  functions  having  the  pr^-p*r 
fom  to  represent  the  fields  sun*ovi«Jin£  a vmifont.  shielded  hnlix.  They  «re 
aade  up  of  • cos^plste  set  cf  functionc  in  0 and  % assuring  that  the 
flcal  bfAis^r/  coDdltlor,  at  can  ts  ;:ot.  This  re«aintng  boundary 


-’nryr. 


:%r.rs-fc;-cr-.- 


lU 


condition  is  that  the  tan^ern.ial  cocponent  of  the  electric  field  be  zero 
at  the  tape.  That  is. 


(?9) 


o 


(«0) 


Tot  j 


;0*R,  I 


J 


It  %riU  now  be  assvBied  that  fourler  lacpansions  exist  for  and 
I,  at  Ri  orer  the  Interral  i — TT-^jZ/^lt 

oi  the  fom. 


(tt) 


fft 


(62) 


m 


vbere  0(^  *nd  are  proportional  tc  the  fouriar  coefficients  of  the 
oleetric  field  erxpaneloae.  The  coefficient  b is  e^fual  to  . 

Equatinf  correspendin^  ooaponents  flTen  in  (71)  and  (72)  with 
(Cl)  and  (62)  /ieids. 


3HB 


' • ta  '.  - • <g. 


I 

I 


I 


I 

i 
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y * ^ 


-,„ic(*.ii,)mx.?.i 


rf\ 


. ...  "l 


.^Tvr-' 


VOj; 


»« 


£‘ 


(84) 


m 


It  (83)  aad  (84)  •r«  autliplicd  thr^^ugh  I7  £ 
wh«r«  q it  tn  Inttgtr  4nd  th«n  integrated  froa  Z **  to 

it«pi>>«0  eontttnt  &t  anj  particular  value,  it  it  found  that 
for  D a q the  right  sides  of  (83)  aiid  (64)  are  non-xero.  Thej  beccae 
reapeetivelj^ 


2a  . 


(85) 


C04i^ 


(86) 


^ilnce  it  io  know  chat  E,  and  20  are  zero  over  the  surface  of 
the  tape,  the  coefflcli«nt'!i  ar»^  0(^  thcttiielves  aust  be 

zero.  Therefore  (63)  and  (84)  bacoae. 


I 


fiaployln^  Mtrlx  notation,  thosa  mleht  be  expressed 


!i^."llHI=^ihllv!ix||3i.ll  («) 


*f»r« 


II' 


II  II  H 1 1 ^ 11  etee^  1 1 1*  |l  * mrm%%  r*  4e<>^4e«44, 

11^  ll  II  “ “•  av 


«xt=t  end  II  T-si  jj  0»A  l|  j|  are  infinite  coi^pr  matrl  «'••*•  Tbe 
sjicwl  X deiistes  the  uzu&l  row  on  coluen  nultiplicatian. 
the  coafiiciwit  s;airices  are. 


The  elenents  of 


169 


C3,«  = 


■i;r 


(VI) 


J 


(92) 


s^-  /mS,R,0-6»]K.()j;^)I^,R.)jii|^  = R^, 


(93) 


{ J 5q<« 


(94) 


(95) 


Assiadrw  tf;at  th«  u5u«i  aatrUc  rules  for  o and  a finite  appljr^ 
ud  th4t  is  not  singular,  froa  (89)  ci'.e  obtains. 


iMlxii<3^!i’'llWi=  i"e«i 


(96) 


-I 


Mhara  ||R<^m(|  In  the  inverse  cf  iRqmR 


i 


I 

JB  m 

I i 


!!r,,j!  / Ur^H-  iiuj 


(?7) 


I 


iItJll  is  the  in/init«  unit  satr^jc  vdtb  adl  Ui«  elements  on  the 
diagonsi.  equal  to  unity  and  all  the  ufr  disgonsl  elecents  equal  to  aero. 

Upon  aabstitutL%g  (56)  into  (VC)  there  results, 

{|l!  ° ‘‘ 

In  order  that  (98)  have  a r.cntrlvi&l  solution,  the  determinant  of 
the  ■atriz  Ixialde  the  braces  must  vanish.  That  is. 


^ I ~ IN"  I IK"  l^o"!  I - ° 


(99) 


Sicce  it  is  presumed  thst  R^,  R2,  V » vid  a <^re  knoon,  (99)  prorldss 
an  e<iuation  free  uhich  the  propagation  constant  /S  can  be  dstsroinsd. 

Tbs  swthod  by  uhleh  (99)  ust  dsrlvsd  Is  esssntlally  ths  saaw  aa 
that  uasd  by  3cnslper  tor  a bsllx  in  free  space.  This  meUtod  hea  been 
iKxii/ied  to  account  for  the  effect  of  the  perfectly  conducting  and 

(99)  reduces  to  the  dstcrminantal  scuation  dsvolopsd  by  Senaipsr  uhsn  R2 
ia  allowed  to  approach  infiAitjr. 

Thla  i&Ilr.ive  detsrminanwl  sq<»ation  of  crrrj  greet  coarplezity 


prsec^ta  intractable  difficulties  in  ootaining  an  eocact  tioluttoo.  ®e«ei 
a solution  using  perturbation  ssethoos  wovdd  be  of  da»_'btfui  utility  because 
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o'  tb*  tr&z><v*^<>rtci«Rt a1  a&t)ir«  of  U.«  aquAtlon.  Ap^raxiaiite  solutions  are 
ar&il6bl«,  how¥T«v,  bj  specifying  that  the  t^pe  be  anisotropic  to  the  octent 
that  it  can  c»>ly  In  the  helix  dirtc^ion. 


D-3  Ss  AQk2i£££k£  l£Sl 

In  this  secticD,  it  Mill  be  assused  that  U>«  u«ii  conduct  only 
in  the  halix  (Urcction.  This  could  be  achiered  practically  by  foradng  the 
taps  of  a iprsat  mskbar  of  Tsry  sxall  .oarallsl  wires  insulated  frosi  each  others 
At  lov  frs<^sneiss  in  a true  taps,  this  situation  would  exist  since  the  poten* 
tlal  difference  between  turns  would  be  snail  and  there  would  be  no  tendency 
for  current  to  flow  parpendieolar  tc  the  tape  edges.  In  any  traiit,  this 
restriction  sodifies  the  bcundary  conditions  (79)  and  (60)  to  read. 


-hS^sin.}^  *0  at^ 


/0*«i 


(100) 


In  addition,  the  anistroijy  of  the  tape  requires. 


!lsuis*|x!|r,.!!- Sco4(0l|x.|lJ,.lt  {lax) 

litere  and  i(  (OSy4l  • by  ■ natrlces  which  have  raspeetlealy  tin/ 

and  boe)^  on  the  diagonal  cm  aero  off  ths  diagcnal.  bploylrtr  t!»  ee*« 
procedure  used  in  obtaining  (09)  and  (90),  the  resuiressnt  of  (100)  ImAt 
to. 
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Sqir I ^ I ||  (-02) 


%her«  0>^*  ' • *1^  ar«  as  defired  in  (9i)  . . . (95).  Pj'  eliminating 
II  II  formally  froe  (lOl)  «ntl  (102),  there  re-ulL.'! 


(l‘»3) 


In  order  that  (103)  hare  a nontrivial  soluticn,  the  datenalnant  of 
U)t  coefficient  matrix  must  be  xero.  This  i^lll  provide  a determlnantal 
e<}uatioa  frcai  which  formally  the  propagation  constant  ft  ean  be  found.  This 
det«rmin«uital  eauaticn  is. 


= O 


(104) 


This  is  again  an  infinite  determinantal  equation  and  would  present 
cor  aiderabls  aifficultiet  in  its  solution.  There  are  two  cases  which  can 
he  e<r«luated  exactly.  These  ere  the  butted  tape  helix  and  the  line  helix. 

2M  JjtS£  S. 

If  the  aniAroplc  tape  of  aectloo  D>3  has  a width  such  that  the 
edges  tutt  t;^|^ttn«r,  tr.e  helix  looae  all  of  ita  propertice  of  5>erlodielty 
with  regard  to  and  0 . This  Is  tantamount  to  sa'icing 
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**  O vl05) 

O ttHd  J* (go  ^ O (104) 


Under  the#*  oondltl<?^5, 

Qtiw**  Rs«  »■  5qm  *7dw  O ^ m»^C  q#0  (107) 


Qao  = ^ «.‘[1-<S;']  iCWKjriftR.) 
^ * S«o  » O 

Too  - [l-  Sc]VC,(>'.R)WR.) 

»Dd  (104)  !>•€(■»••, 

x*gTb-6>Kci;t^)i;(x:Ro) 


doe) 

(109) 

(no) 

] 

C0S//|*O  (Ul) 


Thi*  i?  the  •««*  «»  •q^*e»  ion  ( of  Ch*pt»r  II  which  we>  obtained 
bf  « «Hc))tkl7  illffarent  procedare*  Tn«  aoluticn  of  Uilt  aquation  la  diacussad 
In  Bar*!.*'  b*!**  tb^t  It  is  tr* "ivesivi- 

anial  ttss  aiuat  ta  aolrad  n-wncrlcal  or  iLr^p^dcal  orocaduraa.  Tha  aoluticn 


17i» 


•howi  for  the  bet'-id  tap«  the  phase  velocitj  ia  « fMrrtion  of 

fr«^?ucr:cT»  decreAslng  »<lth  Ir.crensirg  freqa&ncy.  Wh*i  /5j  is  allowed  to 
approach  zero  In  (HI)  it  is  possible  to  solve  directly  Tor  the  phase 
veio^;U>  in  the  ajdal  direction  for  rsry  Im  frequencies.  Upon  doing  this, 
there  results. 


(112) 


D-5  liist  Vsr^  Xarrea  Tape  Helix 

(a)  flauf 

If  the  width  of  the  enlsotr^ie  tape  is  wade  veiy  email  cv>epared 
to  the  pitch,  the  factor  ( ^ ^ ^ becesae 

apprcjdxMteljr, 


5W  Sa#n  ~ ^ 

■ 1 

■(or 

0=0  1 

‘ j 

• 

0 

fer 

q?40  J 

^.4..  « a A 4 A 

Aeael 

f ♦ •<^er  9 — -*•  "X^ 

(U3) 


• dswa^  TSTT  Tl 


not  ef*ual  to  iero  and. 


^<m 


i *■  . i 

s (Ui) 


J 
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(115) 


Tc^  = <()rjx<i.)} 


(116) 


Substituting  thea«  Into  (102)  <md  asking  use  of  (lOl),  thers  results. 


This  is  a ieterednutal  e<{uatlaD  froa  which  /3  cor.  be  found 
provided  the  currsit  density  distribution  across  ths  tape  ir  knswr..  Since 
the  tape  is  gctreaeljr  narrow  with  respect  to  the  pitch,  it  would  not  be 
toe  great  an  error  to  aseuae  that  the  current  density  is  unifom]iy  distributed 
across  the  tape.  Thus,  would  have  the  fore. 


(lie) 


•^.tre,  5 


/ itTro.  ^ 

\l  cos  ^ I 


TJtle  aajuaiT-i cffi  «ltr.  regard  to  the  fourier  coefficients  ie  tanta- 
•ouni  to  that  the  ilr.e*  cf  cc.-.vtar.l  ph^re  front  of  the  currert 


•*1 


•iw'.iltj  di«triiA»tion  or.  t!je  h«iix  occur  fcr  constant  0.  Ihis  is  quit^  satis- 
i\r;tcrj  far  my  narrow  h«i.-c4s,  louatior  (117)  could  also  be  written  with 
lepi&cln^  Jfiff.  aTiu  the  fora  or  (iic'  used  for  the  to 

the  ease  result.  Since  the  actual  can^tAnt  phase  front  of  the  current  deoaity 
aust  iic  bct!***r.  the  two  eoctrMea  2 * const aiit  and  0 » constant,  it  seens 
likely  that  the  coodltloDS  of  (117)  and  (lid)  will  l«>ac!  to  s«tisiactcry  results. 
Equation  (117)  is  essentiallj  ths  cquivalsst  of  the  dsterslnantal  equation 
arrlvea  at  b/  Sensiper  for  a helix  in  free  space  by  a more  cuabersoae  process. 
This  can  be  solved  for  the  case  O , that  iS;  for  the  very  low  freq^iency 

case. 

Let 


A 


(119) 


A 


(120) 


where  is  the  velocity  of  llsht  in  * oediua  c^laracterised  by  /U  and  , 
and  is  the  phase  velocity  of  the  propagated  wave  in  the  axial  direction. 
Then, 


A* 


S3. 


(123) 


This  fraction  wili  :«naln  ilrJ.te  and  noo-»ero  s»  /3  end 
mppromch  leru.  Equation  (117)  cun  \r  *he  .*“.-llowtng  font  by  isaking 

use  cf  *>!»»  * pprsxlrei tior?  available  in  appendix  i.  It  b.*  noted  that 
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Uj«  » 2 0 tsra  h»s  been  •written  »«porateXjr  an<i  that  the  suncstion  hae  been 
parfomed  froc  1 to  CO  and  a»iltipli!se:  ^ 2, 


?hla  equation  holda  airictly  for  ^ - 0,  but  it  should  be  useful  for  low 
frequeneiee  in  fsnerel.  froB  reference  (2),  page  58, 


r 


/ [^  ''  SMf'jZ’rfS 


(122) 


W»{ 

for  the  range  of  S fro*  0 to  TT  thlt  can  be  written  to  a high  oegree  of 
eeeoracy  ee. 


Sijt«S 


(124) 


Uriflw.  1121/ %noua tier,  -riri)  becce:«s  after  acaa 


atjahreic  manipulations. 
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V. 


O 


(125) 


iih«r«. 


S.- 


5. 


(l-§)cotV 


Opon  iolrinj;  (125)  for 


(126) 


(127) 


, th«r«  r««ult»j 


AJj 


St  -h  Sz 


(128) 


If  S !•  allowsd  tc  approocii  TT  , th«  htlix  b«co«e9  « butt  wound 

t«p«.  In  thi»  o»*»,  32  b*co»o»  *ero  «rd  (128)  roduco*  to  th*  •xpr*«*loa  In 

(112).  On  th*  other  hand,  if  JC  i»  illowwl  to  *pprn«ch  *ero,  th*  heiiJt 

o#c<vM*  « lln*  hdlx  wjd  52  *ppro<icft05  Infinity.  Equation  (i-2«)  then  b*coK*c 

unity,  *howxne  '^t  the  phs»*  velocity  In  th*  b«Ux  direction  for  a Un* 

h«llx  la  th*  epeed  of  llant.  Th*  m*'»  if  (113)  1*  actually  iantaowiint  to 

satiif^lni;  th*  cc.odltioc  (100)  on  th*  c*r.Tt*r  Lin*  of  th*  tap*  only,  for 

11a* 

th.1*  r*a*oo,  it  should  b«  mxp*cxrnd  that  rouatior.  (12S)  vill  faror  th*  thin^ 


H 

II 

2; 

I 

f 

$ 


II 

i 


I4» 


i79 


awK**  of  opvcatioc  over  ,\be  ohecth  or  butt  aorie.  A study  of  Figure  i?5 
shcv»  this  to  be  trua.  "he  true  low  fre<iuencj'  piiAse  ▼•locJ.ty  for  e thin 
t»|>e  l.>  40at*nhfTt  b*twe^i  thet  givera  b>  (112;  (125). 

(fc)  Characteristic  Ispedance 

The  charactexletic  liapeciince  for  the  r.arrow  tape  helix 
can  be  fo-oixi  for  low  frequencies  by  allowing  to  approach  sero  in  equation 
(76).  Thle  mxprwiaat  when  integrated  frcn  (bs!-i7'(^)  — 0 

will  give  the  difference  in  potaitiel  betwem  th'i  shield  end  the  cmter  line 
of  the  narrow  tape.  Upon  diTidir.g  this  by  the  curra^t^  the  characteristic 
lapedanee  reeulie.  This  is^ 


(129) 


This  reeult  ia  ooxpazad  in  Chapt-tr  II  with  the  result  for  a 
wire  helix  haring  a diaoeter  equal  to  the  tape  width. 
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